Galilean contractions of $W$-algebras by Rasmussen, Jorgen & Raymond, Christopher
Galilean contractions of W -algebras
Jørgen Rasmussen, Christopher Raymond
School of Mathematics and Physics, University of Queensland
St Lucia, Brisbane, Queensland 4072, Australia
j.rasmussen @ uq.edu.au christopher.raymond @ uqconnect.edu.au
Abstract
Infinite-dimensional Galilean conformal algebras can be constructed by contracting pairs of sym-
metry algebras in conformal field theory, such as W -algebras. Known examples include contractions
of pairs of the Virasoro algebra, its N = 1 superconformal extension, or the W3 algebra. Here,
we introduce a contraction prescription of the corresponding operator-product algebras, or equiva-
lently, a prescription for contracting tensor products of vertex algebras. With this, we work out the
Galilean conformal algebras arising from contractions of N = 2 and N = 4 superconformal algebras
as well as of the W -algebras W (2, 4), W (2, 6), W4, and W5. The latter results provide evidence for
the existence of a whole new class of W -algebras which we call Galilean W -algebras. We also apply
the contraction prescription to affine Lie algebras and find that the ensuing Galilean affine algebras
admit a Sugawara construction. The corresponding central charge is level-independent and given
by twice the dimension of the underlying finite-dimensional Lie algebra. Finally, applications of our
results to the characterisation of structure constants in W -algebras are proposed.
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1 Introduction
The earliest example of a (nonlinear) W -algebra is Zamolodchikov’s W3 algebra [1]. It arose in a
study of additional symmetries in two-dimensional conformal field theories [2], and is generated by
the Virasoro generator and a primary field of conformal weight 3. The construction introduced a new
type of extended conformal symmetry, and gave hope to classify rational conformal field theories with
arbitrary central charge [3, 4]. The W3 algebra was subsequently studied extensively and a myriad of
generalisations were proposed, see [5–8] and references therein.
This flurry of activity took place primarily in the physics literature but lasted only a little more
than a decade. The field has witnessed a resurgence of interest in recent years, however, due to
significant progress in the mathematical understanding and description of W -algebras, see [9–11] and
references therein, and to new applications in physics.
Most of the recent developments in physics have taken place in the context of Vasiliev’s higher-spin
theory [12, 13], see also [14, 15]. In particular, it has been conjectured [16] that the three-dimensional
O(N) vector model at its critical points is dual to a Vasiliev theory on AdS4. It has also been argued [17–
20] that the asymptotic algebra of higher-spin gravity on AdS3 exhibits a W -symmetry. By essentially
morphing these ideas and observations, it was subsequently conjectured [21] that a particular Vasiliev
theory on AdS3 is dual to the WN minimal models [22] at large N . Studies of this conjecture have
led to significant advances in the understanding of WN algebras, their representation theory and their
large-N limit.
There has also been a renewed interest [23–37] in the infinite-dimensional symmetry algebras of
asymptotically flat spacetimes at null infinity [38, 39], known as BMS algebras. In 2 + 1 dimensions,
this algebra is occasionally denoted by BMS3 and is an extension of the Virasoro algebra by an addi-
tional spin-2 generator. Here, we shall refer to this algebra as the Galilean Virasoro algebra. Further
extensions of the BMS and Galilean Virasoro algebras have also been considered. In particular, super-
symmetric extensions already appeared in [40, 41] and have been discussed more recently in [42–56].
Also related to higher-spin theories, the Galilean Virasoro algebra has been extended by adding two
spin-3 generators, resulting in a higher-spin BMS3 algebra or a Galilean W3 algebra [57–59]. Other
W -algebraic extensions have also been considered [60].
The Galilean Virasoro (or conformal) algebra can be obtained [24–26, 29, 61] as an Ino¨nu¨-Wigner
contraction [62–65] of a commuting pair of Virasoro algebras. Likewise, the Galilean W3 algebra
follows [57, 58] by contracting a pair of W3 algebras. In these constructions, the contractions are per-
formed in terms of the modes generating the infinite-dimensional Virasoro and W3 algebras. However,
in conformal field theory, it is often more convenient to work with the corresponding operator-product
algebras (OPAs) given in terms of operator-product expansions [2, 66,67].
Here, we thus develop a general contraction prescription, which we call Galilean contraction, of
the tensor product of two copies of the same OPA; they are only allowed to differ in the values of their
central charges. This offers a systematic approach to the construction of infinite-dimensional Galilean
algebras. It also allows us to derive conditions necessary for the existence of such a Galilean algebra and
to determine properties of the ensuing algebras. As the notions of OPAs and vertex algebras [68] are
intimately related, the approach and results apply to tensor products of vertex algebras as well. The
concrete computations and analyses of the operator-product expansions underlying the construction
are conveniently performed using the Mathematica [69] package developed in [70,71].
The layout of the present paper is as follows. In Section 2, we review the notion of an OPA, with
emphasis on the role and structure of quasi-primary fields. Some details not readily available in the
literature are included. We introduce star products as an economical way to encode the information
stored in an operator-product expansion, and discuss the OPA pendant to the tensor product of vertex
algebras.
In Section 3, we introduce the Galilean contraction prescription of tensor products of pairs of OPAs
and outline some general properties of the ensuing Galilean OPAs. With this, we reproduce the known
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Galilean conformal and N = 1 superconformal algebras (see Section 3.2 for comments on alternative
superconformal extensions). We also identify a class of OPAs, called simply-extended OPAs, whose
Galilean counterparts are readily obtained.
In Section 4, we consider various superconformal extensions of the Galilean Virasoro algebra and
demonstrate compatibility between Galilean contractions and certain other operations on OPAs, such
as topological twisting and a variety of known Ino¨nu¨-Wigner contractions. Affine Lie algebras are
examples of simply-extended OPAs and give rise to Galilean affine Lie algebras. Their contractions
are shown to be compatible with the Sugawara construction, yielding a realisation of the Galilean
Virasoro algebra with central charge given by twice the dimension of the underlying finite-dimensional
Lie algebra.
In Section 5, we explore the properties of an OPA necessary for the Galilean contraction prescrip-
tion to be well-defined. Several general conditions on the structure constants are identified, and the
corresponding structure constants of the ensuing Galilean OPA are determined.
In Section 6, we apply the Galilean contraction prescription to the W -algebras W3, W (2, 4),
W (2, 6), W4, W5, and the infinitely generated W -algebra W∞ and some of its extensions. Details of
the W -algebras W (2, 6), W4 and W5 are reviewed in Appendix A, and their Galilean counterparts are
given in Appendix B. In preparation for the derivation of these new Galilean W -algebras, we discuss
the vacuum module of the Galilean Virasoro algebra and work out a number of quasi-primary fields
involving the Galilean Virasoro generators and a primary field.
Section 7 contains some concluding remarks.
2 Operator-product algebras
We are interested in symmetry algebras in conformal field theory, such as infinite-dimensional Lie
algebras and W -algebras. For convenience, we combine the algebra generators Aµn into generating
fields,
Aµ(z) =
∑
n∈−∆Aµ+Z
Aµn z
−n−∆Aµ , (2.1)
where µ labels the set of fields, and where ∆A is the conformal weight of A. Accordingly, instead of
commutator algebras, we thus work with the corresponding operator-product algebras (OPAs) formed
by the fields. As already indicated in (2.1), we shall assume that an OPA is generated by a set of
scaling fields, see (2.16), and that their conformal weights are (half-)integer:
∆ ∈ 12N0. (2.2)
As we recall below, the Virasoro field algebra is such an example; it is generated by the single field T
of conformal weight ∆T = 2. We shall admit both even (or bosonic) and odd (or fermionic) fields.
2.1 Operator-product expansions
The operator-product expansion (OPE) of the two fields A and B of conformal weights ∆A and ∆B,
respectively, can be written as
A(z)B(w) =
∆A,B∑
n=−∞
[AB]n(w)
(z − w)n . (2.3)
Here, ∆A,B is some integer satisfying 0 ≤ ∆A,B ≤ ∆A+∆B, while [AB]n are fields of conformal weights
∆[AB]n = ∆A + ∆B − n. (2.4)
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As we shall assume that the identity field I is the only symmetry generator of conformal weight 0, the
OPE (2.3) can be re-expressed as
A(z)B(w) =
fA,BI
(z − w)∆A+∆B +
∆A+∆B−1∑
n=−∞
[AB]n(w)
(z − w)n , (2.5)
for some fA,B ∈ C. Since the identity field I is of even parity, the conservation of parity in an OPE
implies that fA,B = 0 if A and B have different parities. Adopting a widespread tradition in conformal
field theory, we will usually not indicate the identity field explicitly in an OPE like (2.5).
The singular part of the OPE (2.3) is referred to as the corresponding contraction and is usually
denoted by
A(z)B(w) =
∆A,B∑
n= 1
[AB]n(w)
(z − w)n , (2.6)
whereas the nonsingular part is given by the normal-ordered product
:A(z)B(w) :=
∞∑
n=0
[AB]−n(w)(z − w)n. (2.7)
Because the contraction encapsulates all the nontrivial information about the OPE, one often writes
A(z)B(w) ∼ A(z)B(w), (2.8)
simply ignoring the nonsingular part of the OPE. In particular, the commutator relations for the
modes of the fields A and B are determined by the contraction (2.6) alone. As we will use the term
“contraction” in more than one context, we shall refer to (2.6) as an OPE contraction.
If the OPEs of a set of fields closes on itself in a ‘sufficiently nice’ way, the result is an OPA.
Largely following [71], this will be qualified in Section 2.2.
2.2 Algebraic structure
An OPA A is a Z2-graded vector space with a distinguished vector (or element) I and an even linear
map ∂ : A → A. Moreover, A is equipped with a bilinear operation (or product) for every integer
n ∈ Z,
[ ]n : A×A → A, (A,B) 7→ [AB]n, (2.9)
where, for any pair A,B ∈ A, [AB]n = 0 for n sufficiently large. These data satisfy the following
conditions. First, I is the identity in the sense that
[IA]n = Aδn,0. (2.10)
Second, the map ∂ is a derivation and thus follows the Leibniz rule1
∂[AB]n = [∂AB]n + [A∂B]n. (2.11)
Third, with |A| denoting the parity of A, commutativity of A reads
[BA]n = (−1)|A| |B|
∑
`≥n
(−1)`
(`− n)! ∂
`−n[AB]`, ∀n ∈ Z. (2.12)
1It is understood that ∂ only acts on the symbol to its immediate right, that is, ∂AB ≡ (∂A)B, for example.
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Fourth, associativity of A amounts to the relations
[A[BC]m]n = (−1)|A| |B| [B[AC]n]m +
∑
`> 0
(
n− 1
`− 1
)
[[AB]`C]m+n−`, ∀m,n ∈ Z. (2.13)
Finally, A may depend on a set of complex parameters, here referred to as central parameters. We will
denote such parameters by ci, where i is in some index set IA.
One may regard A as being defined only once values for the central parameters have been fixed.
In that case, two distinct sets of values for the central parameters define inequivalent OPAs. Here,
however, we find it convenient to leave the central parameters undetermined and thus let A depend on
them.
The normal ordering, indicated by (AB), of A,B ∈ A is defined by
(AB) = [AB]0, (2.14)
in accordance with (2.7). Normal ordering of three or more fields is performed iteratively, right-nesting
the normal-ordered parts such that
(ABC) = (A(BC)). (2.15)
In general, a field [AB]n is a linear combination of normal-ordered expressions of fields and derivatives
thereof.
In this work, the distinction between composite and non-composite fields will play a crucial role.
We thus say that a field C is a composite field if it is equal to [AB]0 for some A,B 6= I, except if A = B
(both) odd. Accordingly, non-composite fields are fields which cannot be written in a way involving
normal ordering without the use of the identity field or a pair of identical odd fields.
A set of fields is a set of generators of A if every element of A can be written as a linear combination
of normal-ordered products of the generators (including I) and their derivatives. A generating set of
fields consists of elementary fields only, if no field in the set can be constructed in terms of the other
generators by taking linear combinations, computing derivatives or forming normal-ordered products.
An OPA is conformal if it contains a field T generating the Virasoro (field) algebra, see (3.13). A
field in a conformal OPA is a scaling field with respect to T if
[TA]2 = ∆AA, [TA]1 = ∂A. (2.16)
Such a scaling field is called quasi-primary if
[TA]3 = 0, (2.17)
and primary if
[TA]n = 0, n ≥ 3. (2.18)
We denote by QA the vector space of quasi-primary fields in the conformal OPA A. We will in general
assume that a conformal OPA is generated by a set of quasi-primary fields, except for the topologically
twisted N = 2 superconformal algebra in Section 4.1. In fact, all the other conformal OPAs we consider
explicitly are generated by a set of primary fields in addition to T .
A scaling field A of conformal weight ∆A as in (2.2) admits the mode expansion
A(z) =
∑
n∈−∆A+Z
Anz
−∆A−n, (2.19)
as in (2.1). It is standard to denote the modes of the Virasoro generator by Ln such that
T (z) =
∑
n∈Z
Lnz
−2−n. (2.20)
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2.3 Quasi-primary field basis
For a general OPA A, we denote the set of quasi-primary fields by
QA = span(BA), (2.21)
where BA is a (formal) basis for QA. In the case of a conformal OPA, one of these quasi-primary fields
is the Virasoro field T , and in the case A = Vir, QA is merely the linear span of the quasi-primary
descendants of the identity (including the identity itself). As discussed in the following, with focus on
Vir, a basis for the set of quasi-primary fields can be constructed using the state-field correspondence.
Although the results should be known to experts, some of the details do not seem to be readily available
in the literature.
The Virasoro Verma module V, with highest-weight vector |0〉 of conformal weight ∆ = 0, has
a submodule generated from the singular vector L−1|0〉. The corresponding quotient module, M, is
Z+-graded by L0,
M =
∞⊕
n=0
Mn, (2.22)
and its conformal character is given by
χ(q) = TrMq
L0 =
1− q∏∞
n=1(1− qn)
=
∞∏
n=2
1
1− qn =
∞∑
n=0
anq
n, an = dimMn. (2.23)
Concretely, the character begins as
χ(q) = 1 + q2 + q3 + 2q4 + 2q5 + 4q6 + 4q7 + 7q8 + 8q9 + 12q10 +O(q11). (2.24)
The set
M′n = {v ∈Mn |L1v = 0} (2.25)
consists of the quasi-primary vectors inMn, i.e. the vectors associated with quasi-primary fields under
the state-field correspondence. With respect to (2.25), the vector space Mn decomposes as
Mn =M′n ⊕ L−1Mn−1. (2.26)
To see this, we first show that Mn ⊆M′n + L−1Mn−1. To this end, we let v ∈Mn and verify that
L1
(
v +
n−2∑
k=1
bkL
k
−1L
k
1v
)
= 0 (2.27)
is solved by
bk =
(−1)k
k!
∏k
j=1(2n+ 3j − 1)
, k = 1, . . . , n− 2. (2.28)
We can thus write
v =
(
v +
n−2∑
k=1
bkL
k
−1L
k
1v︸ ︷︷ ︸
∈M′n
)
+ L−1
(
−
n−2∑
k=1
bkL
k−1
−1 L
k
1v︸ ︷︷ ︸
∈Mn−1
)
. (2.29)
The converse inclusion, Mn ⊇ M′n + L−1Mn−1, is obvious, while the remaining condition, M′n ∩
L−1Mn−1 = 0, follows by induction on n. Indeed, the induction assumption implies that
L−1Mn−1 =
n−2⊕
k=1
Lk−1M′n−k, (2.30)
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so any nonzero v ∈ L−1Mn−1 can be written as v =
∑n−2
k=1 akL
k−1wn−k for some nonzero wn−k ∈M′n−k
and ak not all zero. We then have
L1v =
n−2∑
k=1
akk(2n− k − 1)Lk−1−1 wn−k ∈
n−2⊕
k=1
Lk−1−1 M′n−k. (2.31)
Since ak not all zero, it follows that L1v 6= 0, so v /∈ M′n. Hence, M′n ∩ L−1Mn−1 = 0, thereby
establishing (2.26).
Now, since the linear map
L−1 :Mn−1 →Mn (2.32)
is injective (see [72], for example), it follows that dim(L−1Mn−1) = dimMn−1 for n > 1, so
dimM′n = an − an−1, n > 1. (2.33)
In particular,
dimM′0 = 1, dimM′1 = 0, dimM′2 = 1, dimM′3 = 0, dimM′4 = 1,
dimM′5 = 0, dimM′6 = 2, dimM′7 = 0, dimM′8 = 3, dimM′9 = 1, dimM′10 = 4.
(2.34)
In terms of fields, the decomposition (2.22) reads
Vir =
∞⊕
n=0
Virn, (2.35)
where Virn consists of the descendant fields of the identity of conformal weight n. The field version of
the decomposition (2.26) then reads
Virn = Qn ⊕ ∂Virn−1, (2.36)
where Qn ⊂ QVir denotes the set of quasi-primary fields of conformal weight n. This means, in
particular, that a quasi-primary field cannot be written as a derivative of another field, as pointed out
in [73] citing earlier observations by Nahm. Moreover, every normal-ordered product (corresponding to
a vector v ∈Mn) not equal to the derivative of a quasi-primary field (thus assuming that v /∈M′n) gives
rise to a unique quasi-primary field (corresponding to a vector in M′n) by addition of some derivative
of a quasi-primary field (corresponding to a vector in L−1Mn−1). For example, the normal-ordered
product (TT ) gives rise to the well-known quasi-primary field
Λ2,2 = (TT )− 3
10
∂2T. (2.37)
Conversely, the absence of a quasi-primary field of weight 5, for example, follows from
(L−1L2−2 − L−2L−1L−2)|0〉 = L−3L−2|0〉 = (−L−5 + L−2L−1L−2)|0〉, (2.38)
as these relations correspond to
∂(TT )− (T∂T ) = (∂TT ) = −16∂3T + (T∂T ), (2.39)
implying that
(T∂T ) = ∂[12Λ
2,2 + 730∂
2T ], (∂TT ) = ∂[12Λ
2,2 + 115∂
2T ]. (2.40)
Let Bn denote a basis for Qn, where, by construction, dimQn = dimM′n. A Hamel basis, BVir,
for the infinite-dimensional vector space Vir can thus be obtained as
BVir =
∞⋃
n=0
Bn. (2.41)
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In our discussion of W -algebras in Section 6 and Appendix A, we will need explicit bases for Bn, for
n ≤ 10; for ease of reference, and to emphasise some key features, we discuss these bases here.
First, of weight 6, we have the five normal-ordered products
(TTT ) ≡ (T (TT )), ((TT )T ), (∂2TT ), (∂T∂T ), (T∂2T ). (2.42)
Since dimM6 = 4, these products are not linearly independent. Indeed,
0 = (TTT )− ((TT )T ) + (2− c4)(∂2TT ) + 2(∂T∂T ) + c4(T∂2T ), (2.43)
so we could eliminate one of them from our considerations. For completeness, we will not do that.
Instead, the quasi-primary fields corresponding to the five normal-ordered products in (2.42) are
Λ2,2,2 = (TTT )− 14∂2Λ2,2 − 235∂4T, Λ(2,2),2 = ((TT )T )− 54∂2Λ2,2 − 32+7c168 ∂4T, (2.44)
and
Λ2
′′,2 = (∂2TT )− 518∂2Λ2,2 − 142∂4T, (2.45)
Λ2
′,2′ = (∂T∂T )− 29∂2Λ2,2 − 370∂4T, (2.46)
Λ2,2
′′
= (T∂2T )− 518∂2Λ2,2 − 421∂4T. (2.47)
However, these fields are related as
Λ2,2,2 = Λ(2,2),2, Λ2
′′,2 = −Λ2′,2′ = Λ2,2′′ , (2.48)
leaving only two linearly independent quasi-primary fields of weight 6, in accordance with dimM′6 = 2.
In the following, we shall work with Λ2,2,2 and Λ2
′′,2. Likewise, a basis B8 for M′8 is given by
Λ2,2,2,2 = (TTTT )− 313∂2Λ2,2,2 − 352∂2Λ2
′′,2 − 5132∂4Λ2,2 − 1126∂6T, (2.49)
Λ2
′′,2,2 = (∂2TTT )− 539∂2Λ2,2,2 + 213∂2Λ2
′′,2 − 299∂4Λ2,2 − 1420∂6T, (2.50)
Λ2
′′′′,2 = (∂4TT )− 2113∂2Λ2
′′,2 − 766∂4Λ2,2 − 1180∂6T, (2.51)
while a basis B9 for M′9 is given by
Λ2
′′′,2,2 = (∂3TTT )− 98∂Λ2
′′,2,2 + 316∂Λ
2′′′′,2 − 591∂3Λ2,2,2 + 27364∂3Λ2
′′,2 − 1110∂5Λ2,2 − 11200∂7T. (2.52)
It may seem surprising at first that (∂TTTT ) ∈M9, for example, does not give rise to an independent
quasi-primary field Λ2
′,2,2,2 inM′9; after all, it is built from a normal-ordered product with four copies
of T . However, so is Λ2,2,2,2, and one verifies that
Λ2
′,2,2,2 = (∂TTTT )− 14∂Λ2,2,2,2 + 932∂Λ2
′′,2,2 + 164∂Λ
2′′′′,2
− 491∂3Λ2,2,2 + 1182∂3Λ2
′′,2 − 437920∂5Λ2,2 − 11050∂7T
= −14Λ2
′′′,2,2. (2.53)
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Finally, a basis B10 for M′10 is given by
Λ2,2,2,2,2 = (TTTTT )− 536∂Λ2
′′′,2,2 − ∂2[1568Λ2,2,2,2 + 45544Λ2′′,2,2 + 151088Λ2′′′′,2]
− ∂4[ 17546Λ2,2,2 + 5364Λ2′′,2]− 1234∂6Λ2,2 − 11155∂8T, (2.54)
Λ2
′′,2,2,2 = (∂2TTTT ) + 718∂Λ
2′′′,2,2 − ∂2[ 568Λ2,2,2,2 − 27272Λ2′′,2,2 + 13544Λ2′′′′,2]
+ ∂4
[− 178Λ2,2,2 + 1130Λ2′′,2]− 7351480∂6Λ2,2 − 14950∂8T, (2.55)
Λ2
′′′′,2,2 = (∂4TTT )− 149 ∂Λ2
′′′,2,2 + ∂2
[− 6368Λ2′′,2,2 + 39136Λ2′′′′,2]
+ ∂4
[− 139Λ2,2,2 + 265Λ2′′,2]− 11925740∂6Λ2,2 − 25775∂8T, (2.56)
Λ2
′′′′′′,2 = (∂6TT )− 13534 ∂2Λ2
′′′′,2 − 1813∂4Λ2
′′,2 − 7143∂6Λ2,2 − 31540∂8T. (2.57)
As indicated, our notation for the quasi-primary fields, such as Λ2
′′′,2′′,2,2, reflects the form of
the non-derivative normal-ordered product in its construction, in this example (∂3T∂2TTT ). When
discussing W -algebras in subsequent sections, we shall extend this notation to indicate quasi-primary
fields built from normal-ordered products of W -algebra generators and their derivatives. In W4, for
example, Λ2
′,3′′,3,4 is the quasi-primary field built from the normal-ordered product (∂T∂2WWU),
where W and U are primary fields of conformal weight 3 and 4, respectively.
A particular generalisation of the quasi-primary field Λ2,2 appears in most of the OPAs of our
interest, namely the one built from the normal-ordered product (TA), where A is a primary field of
conformal weight ∆. The ensuing quasi-primary field is
Λ2,∆ = (TA)− 32(1+2∆)∂2A. (2.58)
Using this, we obtain the likewise frequently appearing quasi-primary field
Λ2
′,∆ = (∂TA)− 22+∆∂Λ2,∆ − 1(1+∆)(1+2∆)∂3A, (2.59)
and subsequently
Λ2,2,∆ = (TTA) + 32(3+∆)∂Λ
2′,∆ − 3(1+∆)(2+∆)(5+2∆)∂2Λ2,∆ − 3(2+3∆)4(1+∆)(1+2∆)(3+2∆)∂4A, (2.60)
Λ2
′′,∆ = (∂2TA)− 53+∆∂Λ2
′,∆ − 10(2+∆)(5+2∆)∂2Λ2,∆ − 52(1+∆)(1+2∆)(3+2∆)∂4A, (2.61)
and
Λ2
′,2,∆ = (∂TTA)− 24+∆∂Λ2,2,∆ + 32(4+∆)∂Λ2
′′,∆ − 3(−4+∆)2(3+∆)(7+2∆)∂2Λ2
′,∆
− 2(1+2∆)(2+∆)(3+∆)(5+2∆)∂3Λ2,∆ − 34(1+∆)(2+∆)(3+2∆)∂5A, (2.62)
Λ2,2
′,∆ = (T∂TA)− 24+∆∂Λ2,2,∆ − 3(1+∆)2(3+∆)(7+2∆)∂2Λ2
′,∆
− 7+4∆(2+∆)(3+∆)(5+2∆)∂3Λ2,∆ − 32(2+∆)(1+2∆)(3+2∆)∂5A, (2.63)
Λ2
′′′,∆ = (∂3TA)− 94+∆∂Λ2
′′,∆ − 45(3+∆)(7+2∆)∂2Λ2
′,∆
− 30(2+∆)(3+∆)(5+2∆)∂3Λ2,∆ − 92(1+∆)(2+∆)(1+2∆)(3+2∆)∂5A. (2.64)
2.4 Star relations
Decompositions similar to (2.26) apply to vertex-operator algebras more generally, see [74]. In a purely
bosonic conformal OPA A, the OPE contraction of A,B ∈ BA of conformal weights ∆A and ∆B,
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respectively, thus only involves quasi-primary fields and their derivatives. This allows us to write
A(z)B(w) ∼
∑
Q∈BA
CQA,B
(∆A+∆B−∆Q∑
n=0
β
∆Q;n
∆A,∆B
∂nQ(w)
(z − w)∆A+∆B−∆Q−n
)
, (2.65)
where CQA,B and β
∆Q;n
∆A,∆B
are structure constants. Associativity with the Virasoro generator T implies
that
β
∆Q;n
∆A,∆B
=
(∆A −∆B + ∆Q)n
n! (2∆Q)n
, (x)n =
n−1∏
j= 0
(x+ j), (2.66)
where the Pochhammer symbols (x)n are meant to reduce to 1 for n = 0. This means that we can
encode the information stored in the OPE contraction (2.65) in the star relation
A ∗B '
∑
Q∈BA
CQA,B{Q}, (2.67)
where the conformal tail
{Q} =
∆A+∆B−∆Q∑
n=0
β
∆Q;n
∆A,∆B
∂nQ(w)
(z − w)∆A+∆B−∆Q−n (2.68)
of Q clearly depends on the OPE contraction it appears in (here (2.65)). Subleading terms in conformal
tails are thus suppressed in a star relation; this is indicated by the ' notation in (2.67). Note that a
conformal tail of the identity I only contains one term, simply because all derivatives of I vanish. It
is also noted that the star relation encapsulating the OPE contraction of T with a primary field A of
conformal weight ∆ is given by
T ∗A ' ∆{A}. (2.69)
Although the structure constants CQA,B satisfy
CQA,B = (−1)|A||B|(−1)∆A+∆B−∆QCQB,A, (2.70)
the star relation (2.67) is in general only (anti-)symmetric ‘in appearance’. The possible difference
(aside from a sign) between the corresponding OPE contractions, A(z)B(w) and B(z)A(w), is ‘hidden’
in the conformal tails {Q}; this is indeed possible because the structure constants β∆Q;n∆A,∆B in (2.68) are
not, in general, symmetric in their lower indices. Of course, if ∆A = ∆B, then β
∆Q;n
∆A,∆B
is symmetric and
the two OPE contractions do agree (up to signs, as in (2.70)). To illustrate, we consider the W -algebra
W5 (see Appendix A.3), where the star products of the two even weight-4 quasi-primary fields Λ
2,2 and
U are given by
Λ2,2 ∗ U = 845 {U}+ 8{Λ2,4}+ 6{Λ2
′,4}, U ∗ Λ2,2 = 845 {U}+ 8{Λ2,4} − 6{Λ2
′,4}. (2.71)
We can also use the structure constants to describe the quasi-primary fields constructed from the
normal-ordered products of pairs of quasi-primary fields. For Q1, Q2 ∈ QA, we thus have that
QA 3 (Q1Q2)−
∑
Q3∈BA
CQ3Q1,Q2β
∆3;∆1+∆2−∆3
∆1,∆2
∂∆1+∆2−∆3Q3, (2.72)
where ∆i = ∆Qi , i = 1, 2, 3. For Q1 = Q2 = Λ
2,2 in Vir, for example, the star relation is given by
Λ2,2 ∗ Λ2,2 ' c(22+5c)10 {I}+ 4(22+5c)5 {T}+ 10(64+5c)25 {Λ2,2}+ 8{Λ2,2,2}+ (2 + c){Λ2
′′,2}, (2.73)
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from which we obtain the quasi-primary field
Λ(2,2),(2,2) = (Λ2,2Λ2,2)−
(
22+5c
10800 ∂
6T + 7(64+5c)3960 ∂
4Λ2,2 + 1413∂
2Λ2,2,2 + 7(2+c)52 ∂
2Λ2
′′,2
)
. (2.74)
Decomposing this in terms of the elements of the basis B8 given in (2.49)-(2.51) yields
Λ(2,2),(2,2) = Λ2,2,2,2 + 75Λ
2′′,2,2 + 25c−73300 Λ
2′′′′,2. (2.75)
The expression in (2.72) can be generalised to involve more than two quasi-primary fields and to include
derivatives of such fields, but a general discussion of such constructions of quasi-primary fields is beyond
the scope of the present work.
2.5 Tensor products of OPAs
We recall that an OPA has a unique identity and that it is closed under the computation of derivatives
and under the formation of linear combinations and normal-ordered products. Here, we wish to form
the tensor product of two OPAs, requiring that it shares these properties. In fact, the following
characterisation of such a tensor product matches the similar properties of the corresponding tensor
product of vertex-operator algebras [75].
From the two OPAs A and A¯ with identities I and I¯, respectively, the OPA A ⊗ A¯ is thus a
Z2-graded vector space, where we set
A⊗ I¯ ≡ A, I⊗ B¯ ≡ B¯, I⊗ I¯ ≡ I. (2.76)
As indicated, the identity of A ⊗ A¯ is simply written I. For A,B ∈ A and A¯, B¯ ∈ A¯, the n-products
[AB]n and [A¯B¯]n are as in A and A¯, respectively. However, the n-product of A ∈ A and B¯ ∈ A¯ is
defined by
[AB¯]n =
0, n > 0,1
(−n)! [∂
−nAB¯]0, n ≤ 0.
(2.77)
Additional relations follow from requiring that A ⊗ A¯ is a commutative and associative OPA. In
particular, it follows that
[B¯A]n =
0, n > 0,(−1)|A| |B¯|
(−n)! [A∂
−nB¯]0, n ≤ 0.
(2.78)
By construction, for all A,B ∈ A, the OPE contraction of A(z) and B¯(w) in A⊗ A¯ is zero:
A(z)B¯(w) ∼ 0. (2.79)
That is, the corresponding full OPE is nonsingular and is simply given by
A(z)B¯(w) = :A(z)B¯(w) : . (2.80)
Moreover, for A,B,C ∈ A, we have
A(z)(BC¯)(w) ∼
∆A,B∑
n=1
([AB]nC¯)(w)
(z − w)n , (2.81)
showing that A⊗ A¯ is closed under OPE contractions. We refer to A⊗ A¯ as the OPA tensor product
of A and A¯. Because the mode algebra associated with A⊗ A¯ only depends on the OPE contractions
in A ⊗ A¯, the mode algebra is a direct sum of the two mode algebras corresponding to A and A¯,
respectively.
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3 Galilean contractions
As discussed in the following, new OPAs can be constructed as contractions of given OPAs. This
resembles the way a Lie algebra can arise as the result of an Ino¨nu¨-Wigner contraction [62–65] of
another Lie algebra.
3.1 Contraction prescription and properties
Our focus is on contractions of OPAs of the form A⊗ A¯, including pairs of the Virasoro field algebra
and its various extensions. In this work, the two algebras A and A¯ are taken to be the same, up to
their central parameters. In the case of two copies of the Virasoro algebra, for example, the central
charges c and c¯ may thus differ. In the following, a bar over a field A ∈ A is used to indicate that the
ensuing field A¯ is the ‘same field’ as A, but A¯ ∈ A¯. The companion to [AB]n ∈ A is given by
[AB]n = [A¯B¯]n ∈ A¯. (3.1)
Now, let  ∈ C. For each field A ∈ A and its companion A¯ ∈ A¯, we then introduce the linear
combinations
A+ = A+ A¯, A
−
 = (A− A¯). (3.2)
For  6= 0, this yields an invertible map on the space of fields in A ⊗ A¯, with inverse transformation
given by
A = 12
(
A+ +
1
A
−

)
, A¯ = 12
(
A+ − 1A−
)
. (3.3)
For  = 0, on the other hand, the map is singular and gives rise to a new algebraic structure. The
ensuing algebra is generated by the fields (3.2) of A⊗ A¯, as → 0. If the result is a well-defined OPA,
we shall denote it by AG. Notationally, this is indicated by
A⊗ A¯ → AG, A± 7→ A±. (3.4)
We refer to such a construction as a Galilean contraction and AG as a Galilean algebra. It is stressed
that A ⊗ A¯ and AG are in general non-isomorphic. Unsurprisingly, as indicated in Section 3.2, other
contractions are also possible, but we shall focus on the “Galilean contraction” above.
For A,B ∈ A, in A⊗ A¯, we have
A+ (z)B
+
 (w) =
∆A,B∑
n=1
[AB]+n,(w)
(z − w)n + :A
+
 (z)B
+
 (w) :, (3.5)
A+ (z)B
−
 (w) =
∆A,B∑
n=1
[AB]−n,(w)
(z − w)n + :A
+
 (z)B
−
 (w) :, (3.6)
A− (z)B
+
 (w) =
∆A,B∑
n=1
[AB]−n,(w)
(z − w)n + :A
−
 (z)B
+
 (w) :, (3.7)
A− (z)B
−
 (w) = 
2
∆A,B∑
n=1
[AB]+n,(w)
(z − w)n + :A
−
 (z)B
−
 (w) :, (3.8)
where, following (3.2), we have introduced
[AB]+n, = [AB]n + [A¯B¯]n, [AB]
−
n, = 
(
[AB]n − [A¯B¯]n
)
. (3.9)
It follows that OPE contractions in AG are symmetric under exchange of the sign-index of the gener-
ators. That is,
A+(z)B−(w) ∼ A−(z)B+(w), (3.10)
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allowing us to omit detailing OPE contractions of the form A−(z)B+(w). Moreover,
A− (z)B
−
 (w) ∼ 2A+ (z)B+ (w), (3.11)
so if A+ (z)B
+
 (w) is well-defined in the limit → 0 (which is required for AG to be well-defined), then
A−(z)B−(w) ∼ 0. (3.12)
Although this analysis, based on (3.5)-(3.8), allowed us to deduce the properties (3.10) and (3.12)
of AG, it is, in a sense, deceptively simple. Indeed, the field [AB]n ∈ A may contain composite fields,
in which case the fields [AB]±n, ∈ A⊗A¯ contain composite fields, but as elements of AG, we should be
able to express the corresponding fields [AB]±n in terms of normal-ordered products of non-composite
fields (and their derivatives) in AG. This is a highly nontrivial task which will we will return to in
Section 5.
3.2 Galilean conformal and superconformal algebras
The Virasoro (field) algebra A = Vir is generated by the field T whose OPE contraction with itself is
T (z)T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w , (3.13)
where c is the central charge (and where we have omitted the identity field I). The corresponding star
relation is
T ∗ T ' c
2
{I}+ 2{T}. (3.14)
The companion algebra Vir has central charge c¯ and is generated similarly by T¯ .
We now apply the Galilean contraction prescription to Vir⊗Vir. We therefore introduce
T+ = T + T¯ , c
+
 = c+ c¯,
T− = (T − T¯ ), c− = (c− c¯),
(3.15)
whose star relations are worked out to be
T+ ∗ T± '
c±
2
{I}+ 2{T± }, T− ∗ T− ' 2 T+ ∗ T+ . (3.16)
It then follows that the star relations defining the Galilean conformal algebra VirG are
T+∗ T± ' c
±
2
{I}+ 2{T±}, T−∗ T− ' 0. (3.17)
In particular, T+ is seen to generate a Virasoro subalgebra Vir with central charge c+. In terms of
modes, where
T±(z) =
∑
n∈Z
L±n z
−2−n, (3.18)
the Galilean conformal algebra is defined by
[L+n , L
±
m] = (n−m)L±n+m +
c±
12
n(n2 − 1)δn+m,0, [L−n , L−m] = 0. (3.19)
Interest in this algebra has also been shown in the vertex-operator algebra literature, where it is referred
to as W (2, 2) [76,77]. The role of c− is discussed at the end of Section 3.3.
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Superconformal extensions of the Virasoro algebra go back to [78, 79]. In particular, the N = 1
superconformal (field) algebra SVir of central charge c is generated by the Virasoro field T and its
super-partner G, with star relations
T ∗ T ' c
2
{I}+ 2{T}, T ∗G ' 3
2
{G}, G ∗G ' 2c
3
{I}+ 2{T}. (3.20)
The corresponding Galilean N = 1 SCA SVirG is generated by T± and G±, whose nontrivial star
relations are given by
T+∗ T± ' c
±
2
{I}+ 2{T±}, T+∗G± ' 3
2
{G±}, G+∗G± ' 2c
±
3
{I}+ 2{T±}. (3.21)
As in the case of the Galilean conformal algebra, the fields T+ and G+ are recognised as generating an
N = 1 superconformal subalgebra of central charge c+.
The Galilean N = 1 SCA (3.21) also appeared in [42,43,45], for example. As it contains a pair of
odd spin-3/2 fields, G±, it can be interpreted as encoding an N = (1, 1) supersymmetry. However, it
is not the only possible superconformal extension of the Galilean Virasoro algebra VirG. Indeed, the
‘asymmetric’ algebra of [46,47,49,55] contains only one odd spin-3/2 field and thus corresponds to an
N = (1, 0) supersymmetry. As the ‘symmetric’ algebra above, it can be obtained [55] by an Ino¨nu¨-
Wigner contraction, but of the tensor product SVir⊗Vir. Another alternative is constructed [52–54]
as a contraction of the symmetric product SVir⊗ SVir, based on “inhomogeneous scaling”.
3.3 Simply-extended algebras
The objective here is to characterise a family of algebras A for which the Galilean contraction AG of
A ⊗ A¯ is readily determined. We say that an OPA A is simply-extended if (i) all fields of the form
[AB]n, where A and B are elementary generators, are non-composite, (ii) no other OPE structure
constants than the ones accompanying the identity field can depend on central parameters, and that
(iii) this dependence is linear. For example, the Virasoro field algebra and its N = 1 superconformal
extension are simply-extended. In fact, an OPA is simply-extended precisely if its mode algebra is an
infinite-dimensional Lie (super)algebra. This suggests that we, alternatively, could refer to such OPAs
as Lie algebraic or as being of Lie type.
Now, assuming that A is simply-extended implies that the fields [AB]n in the OPE (2.5) are
non-composite and independent of the central parameters, while the dependence of fA,B on the central
parameters is linear. Furthermore, with A¯ and B¯ denoting the A¯-companions to the A-fields on the
lefthand side of (2.5), we have that [A¯B¯]n is the companion [AB]n of [AB]n, see (3.1), while the
structure constants f¯A¯,B¯ and fA,B may differ. It follows that the OPEs in AG are of the form
A+(z)B±(w) =
f±A,B
(z − w)∆A+∆B +
∆A+∆B−1∑
n=−∞
[AB]±n (w)
(z − w)n , A
−(z)B−(w) ∼ 0, (3.22)
where, in A⊗ A¯, we have used (3.9) and introduced
f+A,B, = fA,B + f¯A¯,B¯, f
−
A,B, = (fA,B − f¯A¯,B¯). (3.23)
The fields A+ ∈ AG thus generate a subalgebra isomorphic to A, but with the central parameters ci
replaced by c+i , i ∈ IA. This generalises the similar observation for the Galilean conformal algebra
VirG in (3.17) and its N = 1 superconformal extension in (3.21). However, this is in general not true
for A non-simply-extended, as illustrated in Section 6.
Due to the linear dependence of fA,B on the central parameters, we can write
fA,B =
∑
i∈IA
αiA,Bci, α
i
A,B ∈ C. (3.24)
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In A⊗ A¯, we thus have
f−A,B, = 
∑
i∈IA
αiA,B(ci − c¯i) =
∑
i∈IA
αiA,Bc
−
i,. (3.25)
In some cases, the fields A− ∈ AG can therefore be renormalised such that some or all of the parameters
c−i do not appear in any OPE. For example, in the case of only one central parameter (here denoted
simply by c) in A, we have
fA,B = αA,Bc =⇒ f−A,B = αA,Bc−. (3.26)
For c− 6= 0 in AG, we may thus rescale all fields A− ∈ AG different from I as
A− −→ Â− = A−
c− , (3.27)
thereby obtaining the c−-independent OPEs
A+(z)B̂−(w) =
αA,B
(z − w)∆A+∆B +
∆A+∆B−1∑
n=−∞
[ÂB]−n (w)
(z − w)n . (3.28)
It follows that, for each value of the parameter c+, there are exactly two possible Galilean extensions
of (the simply-extended OPA) A, namely the one for which c− = 0 and the one for which c− 6= 0. For
example, the nontrivial star relations of the corresponding Galilean conformal algebras VirG are thus
given by
T+∗ T+' c
+
2
{I}+ 2{T+}, T+∗ T̂−' δ
2
{I}+ 2{T̂−}, (3.29)
where δ ∈ {0, 1}.
4 Compatibility with other constructions
The Galilean contraction procedure may ‘intertwine’ a pair of maps of the form
O : A → A′, OG : AG → A′G. (4.1)
Indeed, we are interested in scenarios where the composition diagram
A⊗ A¯ A′ ⊗ A¯′
AG A′G
O⊗O
Gal Gal
OG
(with Gal denoting a Galilean contraction) is commutative. Concrete examples include the situation
where O encodes the topological twist of an N = 2 superconformal algebra (SCA) and the situation
where O corresponds to an Ino¨nu¨-Wigner contraction of an N = 4 SCA. These examples will be
discussed in Section 4.1 and 4.2, respectively. Another example is provided by the (Galilean) Sugawara
construction discussed in Section 4.3.
4.1 N = 2 SCA and topological twisting
The N = 2 SCA A of central charge c, whose mode algebra was introduced in [80], is generated by a
Virasoro field T , a pair of super-fields Ga of conformal weight 3/2, with a ∈ {0, 1}, and a spin-one field
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J . It is a simply-extended OPA, so the corresponding Galilean algebra AG generated by T±, G±a and
J± is readily obtained. The nontrivial star relations are
T+∗ T± ' c±2 {I}+ 2{T±}, T+∗ J± ' {J±}, T+∗G±a ' 32{G±a },
G+0 ∗G±1 ' c
±
3 {I}+ {J±}+ {T±}, J+∗ J± ' c
±
3 {I}, J+∗G±a ' (−1)a{G±a }.
(4.2)
As discussed in Section 3.3, the parameter c− is either zero or can be absorbed in a rescaling of the
generators A−.
The topologically twisted N = 2 SCA Atop [81] is generated by
Ttop := T +
1
2
∂J, Q := G0, P := G1, (4.3)
and the spin-one field J(z). The nontrivial star relations are
Ttop ∗ Ttop ' 2{Ttop}, Ttop ∗ J ' − c3{I}+ {J}, Ttop ∗Q ' {Q}, Ttop ∗ P ' 2{P},
Q ∗ P ' c3{I}+ {J}+ {Ttop}, J ∗ J ' c3{I}, J ∗Q ' {Q}, J ∗ P ' −{P}.
(4.4)
It follows that the twist has the effect of turning the two spin-3/2 superfields into a spin-one and a
spin-two field with respect to the Virasoro generator Ttop. The spin-one field J , on the other hand,
retains its conformal weight, but is in general not a primary field with respect to Ttop; in fact, it is not
even quasi-primary, but the use of {J} in the star relations still applies.
The topologically twisted N = 2 algebra Atop also belongs to the family of simply-extended
algebras. The nontrivial OPE contractions of the corresponding Galilean algebra AtopG are
T+top∗ T±top ' 2{T±top}, T+top∗ J± ' − c
±
3 {I}+ {J±}, T+top∗Q± ' {Q±}, T+top∗ P± ' 2{P±},
Q+∗ P± ' c±3 {I}+ {J±}+ {T±top}, J+∗ J± ' c
±
3 {I}, J+∗Q± ' {Q±}, J+∗ P± ' −{P±}.
(4.5)
In fact, applying the topological twist
T±top := T
± +
1
2
∂J±, Q± := G±0 , P
± := G±1 (4.6)
to the Galilean N = 2 SCA (4.2) yields the same Galilean algebra (4.5) as the Galilean contraction of
the topologically twisted N = 2 SCA. The diagram
A⊗ A¯ Atop ⊗ A¯top
AG AtopG
Tw⊗Tw
Gal Gal
Tw
is thus commutative. With reference to the commutative diagram in the preamble to Section 4, the
map O is the upper twist (indicated above by Tw) given in (4.3), while the map OG is the lower twist
(likewise indicated by Tw) given in (4.6).
4.2 N = 4 SCAs and Ino¨nu¨-Wigner contractions
The Galilean contraction procedure is not only compatible with the topological twisting discussed in
Section 4.1; it is also compatible with certain Ino¨nu¨-Wigner contractions [62–65]. We illustrate this by
considering N = 4 SCAs and refer to [82] for a more general discussion.
The known N = 4 SCAs in two dimensions are characterised by their internal affine Lie algebra.
The small N = 4 SCA [80,83] is based on su(2); the large one [84–86] on su(2)⊕su(2)⊕u(1); the middle
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one [87,88] on su(2)⊕ u(1)⊕ u(1)⊕ u(1)⊕ u(1); while the non-reductive one [89] is based on su(2)⊕ g
where g is a four-dimensional non-reductive Lie algebra. The total number of generating fields in these
SCAs is 8, 16, 16 and 16, respectively. The non-reductive N = 4 SCA also contains an interesting
N = 4 superconformal subalgebra whose affine Lie algebra is based on su(2) ⊕ u(1) ⊕ u(1) [90, 91],
while the total number of generating fields is 12.
For each value of the central charge, there is a one-parameter family of large N = 4 SCAs, usually
labelled by a parameter γ. For fixed value of γ, the corresponding SCA is simply-extended, as are
all the other N = 4 SCAs. Their Galilean contractions are therefore readily obtained, although not
presented explicitly here. Details can be found in [82].
The middle and non-reductive N = 4 SCAs can be obtained by Ino¨nu¨-Wigner contractions of the
large N = 4 SCA by letting γ approach a singular value in particular bases. As already indicated, in
both cases, the resulting algebra is simply-extended. We have verified that the Ino¨nu¨-Wigner contrac-
tions employed in their construction are compatible with the Galilean contractions, thereby establishing
the commutativity of the diagram
A⊗ A¯ AC ⊗ A¯C
AG AC,G
IW⊗ IW
Gal Gal
IW
To be clear, for this to hold in the case where A is the large N = 4 SCA, the companion algebra A¯
must be defined for the same value of γ.
4.3 Galilean affine algebras and the Sugawara construction
In this section, we introduce Galilean affine algebras ĝG as the Galilean extensions of affine current
(super)algebras ĝ. We then examine their compatibility with the Sugawara construction, analysing the
commutativity of the diagram
ĝ⊗ ¯̂g Vir⊗Vir
ĝ
G
Vir
G
Sug⊗ Sug
Gal Gal
Gal Sug
where Sug refers to a Sugawara construction.
An affine current (super)algebra ĝ is generated by a set of fields {Ja | a = 1, . . . ,dim g}. With
reference to the mode expansion
Ja(z) =
∑
n∈Z
Ja,nz
−n−1, (4.7)
the set of zero modes {Ja,0 | a = 1, . . . ,dim g} thus generates the Lie (super)algebra g. The OPE
contractions of the currents are given by
Ja(z)Jb(w) ∼ κabk
(z − w)2 +
fab
cJc(w)
z − w , (4.8)
where fab
c are the structure constants and κ, with κab = κ(Ja,0, Jb,0), the Killing form of g. The
central parameter k is known as the level of ĝ. Note that the standard Einstein summation convention,
summing over appropriately repeated indices, has been employed.
As is evident from (4.8), the affine current (super)algebra is simply-extended. With the structure
constants and Killing forms on ĝ and its companion ¯̂g the same, the Galilean algebra ĝG is readily
constructed and its nontrivial OPE contractions are given by
J+a (z)J
±
b (w) ∼
κabk
±
(z − w)2 +
fab
cJ±c (w)
z − w . (4.9)
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The currents J+a thus generate an affine current algebra with level k
+. As before, if k− 6= 0, then we
can renormalise the fields J−a and thereby eliminate the parameter k− altogether.
In the following, we will focus on affine current algebras based on Lie algebras and only on those
for which the Killing form κ is non-degenerate. Extending the considerations to superalgebras is
straightforward but will not be discussed explicitly.
It is well-known that the Sugawara construction
T =
κab
2(k + h∨)
(JaJb) (4.10)
provides a realisation of the Virasoro (field) algebra with central charge
c =
k dim g
k + h∨
, (4.11)
where h∨ is the dual Coxeter number of the Lie algebra g. The fields Ja are all primary of conformal
weight 1 with respect to the Sugawara construction, that is,
T (z)Ja(w) ∼ Ja(w)
(z − w)2 +
∂Ja(w)
z − w . (4.12)
With reference to the diagram just above (4.7), we now examine the lower path from ĝ ⊗ ¯̂g via
ĝG to VirG . The initial map, Gal, is simply the Galilean contraction producing the Galilean affine
algebra ĝG with OPE contractions (4.9). The second map, denoted by Gal Sug, is meant to mimic the
usual Sugawara construction (4.10), but applied to all the fields J±a , not just to J+a . It thus entails
constructing a realisation T± of the Galilean Virasoro algebra VirG in terms of the Galilean affine
generators J±a . Accordingly, we make the ansatz
T± =
∑
α,β∈{+,−}
λ±αβ κ
ab(Jαa J
β
b ), λ
±
αβ ∈ C. (4.13)
Aside from realising (3.17) for some central parameters c± (to be determined below), it should satisfy
T+(z)J±a (w) ∼
J±a (w)
(z − w)2 +
∂J±a (w)
z − w , T
−(z)J−a (w) ∼ 0, (4.14)
and, according to (3.10),
T−(z)J+a (w) ∼
J−a (w)
(z − w)2 +
∂J−a (w)
z − w . (4.15)
Using standard Lie-algebraic relations such as
κbcfab
dfdc
e = 2h∨δea, κ
bdfab
c + κcbfab
d = 0, (4.16)
we find that T± in (4.13) are given uniquely as
T+ =
κab
2k−
[(J+a J
−
b ) + (J
−
a J
+
b )]−
k++ 2h∨
2(k−)2
κab(J−a J
−
b ), (4.17)
T− =
κab
2k−
(J−a J
−
b ), (4.18)
and that they generate the Galilean Virasoro algebra VirG with
c+ = 2 dim g, c− = 0. (4.19)
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We now turn to the upper path in the diagram, the one from ĝ⊗ ¯̂g via Vir⊗Vir to VirG . The first
map, Sug⊗Sug, yields the tensor product of two copies of the usual Sugawara construction, generated
by
T (z) =
κab
2(k + h∨)
(JaJb)(z), T¯ (z) =
κab
2(k¯ + h∨)
(J¯aJ¯b)(z), (4.20)
respectively, with corresponding central charges given by
c =
k dim g
k + h∨
, c¯ =
k¯ dim g
k¯ + h∨
. (4.21)
The Galilean contraction comprising the second map in the upper path follows from
T+ = T + T¯
=
κab
2(12(k
+
 +
1
k
−
 ) + h∨)
[
1
2(J
+
a, +
1
J
−
a,)
1
2(J
+
b, +
1
J
−
b,)
]
+
κab
2(12(k
+
 − 1k− ) + h∨)
[
1
2(J
+
a, − 1J−a,)12(J+b, − 1J−b,)
]
=
κab
2k−
[(J+a,J
−
b,) + (J
−
a,J
+
b,)]−
k+ + 2h
∨
2(k− )2
κab(J−a,J
−
b,) +O() (4.22)
and
c+ = c+ c¯ =
1
2(k
+
 +
1
k
−
 ) dim g
1
2(k
+
 +
1
k
−
 ) + h∨
+
1
2(k
+
 − 1k− ) dim g
1
2(k
+
 − 1k− ) + h∨
= 2 dim g +O(2), (4.23)
and the similar expansions of T− and c− , all in A ⊗ A¯. As  → 0, the expressions (4.17) and (4.18)
for T± are recovered, as are the results (4.19) for the central parameters c±. This demonstrates the
commutativity of the diagram just above (4.7).
We note that the expressions (4.17) and (4.18) for T± are defined for k− 6= 0 only. However,
rescaling J−b and T
− by k−, thereby introducing
Ĵ−b =
1
k−J
−
b , T̂
− = 1
k−T
−, (4.24)
allows us to eliminate k− altogether, as we then have
T+ = 12κ
ab(J+a Ĵ
−
b + Ĵ
−
a J
+
b )− 12(k++ 2h∨)κab(Ĵ−a Ĵ−b ), T̂− = 12κab(Ĵ−a Ĵ−b ). (4.25)
In fact, this corresponds to basing the lower path in the diagram just above (4.7) on the Galilean affine
algebra (4.9) in which k− has been scaled away. Likewise, for k− = 0 in the original affine Lie algebra,
one merely constructs T± as in (4.13) using (4.9) with k− = 0.
5 On the existence of AG
In the computation of the series expansion (4.22) of T+ in powers of , one encounters a cancellation of
contributions proportional to 1 . Without this cancellation, the limit T
+ of T+ , as → 0, would simply
not exist. This points to a general and fundamental property: The existence of a Galilean counterpart,
AG, to the OPA A presupposes that the coefficients in A conspire appropriately. A priori, there is no
guarantee that a given OPA A admits a Galilean contraction resulting in AG. Here, we will explore the
conditions on A imposed by the requirement that AG exists. In the process, we find general expressions
for the structure constants of AG in terms of those of A.
Most of the conformal OPAs of our interest in Section 6 correspond to W -algebras generated
by the Virasoro field T and a finite linearly independent set of primary fields P of integer conformal
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weights greater than 2. We will assume ‘non-degeneracy’ of this set of generators in the sense that the
corresponding matrix (fP,P ′), see (2.5), is non-degenerate for generic central parameters. This allows
us to choose a canonical normalisation of the generators. In the series of Wn algebras, for example, the
matrix (fP,P ′) is diagonal and the central charge c is the sole central parameter. In these models, it is
thus standard to normalise the generators such that fP,P = c/∆P . For generic c, this is equivalent to
requiring that [PP ]2∆P−2 = 2T ; in fact, this fixes the normalisation even for c = 0.
Let us now assume that [AB]n in the OPE contraction (2.6) contains the normal-ordered product
(CD) of the two non-composite fields C and D, that (CD) is linearly independent of all other terms
in [AB]n, and that (CD) appears with coefficient φ(c): a function of the central charge. The fields C
and D may involve linear combinations of derivatives of fields, as long as the ensuing expressions for
C and D do not depend on c. Then, [AB]+n, and [AB]
−
n, will contain the corresponding terms
φ(c)(CD) + φ(c¯)(C¯D¯) =
1
42
{
φ(12(c
+
 +
1
 c
−
 )) + φ(
1
2(c
+
 − 1 c− ))
}{
(C− D
−
 ) + 
2(C+ D
+
 )
}
+
1
4
{
φ(12(c
+
 +
1
 c
−
 ))− φ(12(c+ − 1 c− ))
}{
(C+ D
−
 ) + (C
−
 D
+
 )
}
(5.1)
and

(
φ(c)(CD)− φ(c¯)(C¯D¯)) = 1
4
{
φ(12(c
+
 +
1
 c
−
 ))− φ(12(c+ − 1 c− ))
}{
(C− D
−
 ) + 
2(C+ D
+
 )
}
+
1
4
{
φ(12(c
+
 +
1
 c
−
 )) + φ(
1
2(c
+
 − 1 c− ))
}{
(C+ D
−
 ) + (C
−
 D
+
 )
}
, (5.2)
respectively.
Let us further assume that φ(c) factorises as
φ(c) = γ
k∏
i=1
(c− λi)αi (5.3)
for some γ, λi ∈ C and αi ∈ 12Z, i = 1, . . . , k, where k ∈ N0. This is indeed the case in all the
W -algebras considered in Section 6. Using
γ
k∏
i=1
(c− λi)αi = γ
(c−
2
)∑k
i=1αi
(
1 +

c−
k∑
i=1
αi(c
+
 − 2λi) +O(2)
)
(5.4)
and
γ
k∏
i=1
(c¯− λi)αi = γ
(
− c
−

2
)∑k
i=1αi
(
1− 
c−
k∑
i=1
αi(c
+
 − 2λi) +O(2)
)
, (5.5)
we then find that, for generic central charges, the limit → 0 is only well-defined if
k∑
i=1
αi = −1 or
k∑
i=1
αi = −2, (5.6)
or if
∑k
i=1 αi < −2. However, in the latter case, the coefficients vanish.
More generally, if [AB]n contains the term φ(c)(C1 . . . C`), which is linearly independent of the
other terms in [AB]n and where C1, . . . , C` are non-composite (but may involve derivatives), then
k∑
i=1
αi = −(`− 1) or
k∑
i=1
αi = −` (5.7)
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or
∑k
i=1 αi < −` for the limit → 0 to be well-defined. Moreover, one of the conditions in (5.7) must
be satisfied for the limit to produce a non-vanishing term out of φ(c)(C1 . . . C`).
If the contraction prescription is well-defined, then the limits of (5.1) and (5.2) will make contri-
butions in the Galilean OPA AG to [AB]+n and [AB]−n , respectively. First, we describe the ensuing
term in [AB]+n . If
∑k
i=1 αi = −(`− 1), the term is given by
γ
(c−)`−1
(
(C+1 C
−
2 . . . C
−
` ) + (C
−
1 C
+
2 C
−
3 . . . C
−
` ) + . . .+ (C
−
1 . . . C
−
`−1C
+
` )
)
− γ
(c−)`
(
(`− 1)c+ + 2
k∑
i=1
αiλi
)
(C−1 . . . C
−
` ),
(5.8)
whereas, if
∑k
i=1 αi = −`, the term is simply given by
2γ
(c−)`
(C−1 . . . C
−
` ). (5.9)
Note that these expressions only make sense if
c− 6= 0, (5.10)
a condition we shall therefore assume here and in Section 6 and Appendix A. Absorbing the c−-
dependence as in (3.27), by introducing
Ĉ−i =
Ci
c−
, i = 1, . . . , `, (5.11)
the terms (5.8) and (5.9) become
γ
(
(C+1 Ĉ
−
2 . . . Ĉ
−
` ) + . . .+ (Ĉ
−
1 . . . Ĉ
−
`−1C
+
` )
)
− γ
(
(`− 1)c+ + 2
k∑
i=1
αiλi
)
(Ĉ−1 . . . Ĉ
−
` ) (5.12)
and
2γ(Ĉ−1 . . . Ĉ
−
` ), (5.13)
respectively. In [AB]−n , on the other hand, the only term generated from (5.2) is
γc−(Ĉ−1 . . . Ĉ
−
` ), (5.14)
and this only occurs if
∑k
i=1 αi = −(` − 1). If
∑k
i=1 αi = −`, the contribution simply vanishes. Note
that the factor of c− in (5.14) will be absorbed on the lefthand side of the OPE contraction if we
consider A+(z)B̂−(w) instead of A+(z)B−(w).
We conclude this section by observing that if the contraction prescription on the quasi-primary
field Q with coefficient φ(c) is well-defined, then it is well-defined on the entire conformal tail {Q}.
This follows readily from the c-independent linearity of the terms in the definition (2.68) of {Q}, and
the fact that the analysis above is unaffected by the inclusion of derivatives.
6 Galilean contractions of W -algebras
In the following, we apply the Galilean contraction prescription to a variety of known W -algebras.
Details on some of the ensuing Galilean W -algebras are deferred to Appendix B.
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6.1 Quasi-primary fields in the Galilean conformal algebra
As discussed in Section 3.2, the field T+ ∈ VirG generates a Virasoro subalgebra of the Galilean
conformal algebra. A field Q ∈ VirG is accordingly quasi-primary with respect to T+ if
[T+Q]3 = 0, [T
+Q]2 = ∆QQ, [T
+Q]1 = ∂Q, (6.1)
where ∆Q is the corresponding conformal weight. We denote by QVirG the set of quasi-primary fields
in VirG. Examples of elements of QVirG are easily constructed: simply replace T by T+ in the ex-
plicit expressions Λa,b,... in Section 2.3. However, according to Section 5, as the result of a Galilean
contraction, we should only expect to encounter quasi-primary fields with at most one T+ generator in
each of their normal-ordered products, see (5.12)-(5.14). Before discussing these quasi-primary fields
explicitly, let us extend some of the elements of the analysis in Section 2.3 to the Galilean conformal
algebra VirG.
We thus define the Galilean Virasoro Verma module of highest weight 0 as the module generated
by the free action of VirG on the highest-weight state |0〉 satisfying
L±n |0〉 = 0, n ≥ 0. (6.2)
This module has a submodule generated from the vector L+−1|0〉. Since
L−−1|0〉 = −[L+−1, L−0 ]|0〉 = L−0 L+−1|0〉, (6.3)
we see that L−−1|0〉 is an element of this submodule. The corresponding quotient module, N , is Z+-
graded,
N =
∞⊕
n=0
Nn, (6.4)
and its conformal character is given by
χG(q) = TrN q
L+0 = [χ(q)]2 =
∞∏
n=2
1
(1− qn)2 =
∞∑
n=0
bnq
n, bn = dimNn. (6.5)
Concretely, the character begins as
χG(q) = 1 + 2q
2 + 2q3 + 5q4 + 6q5 + 13q6 + 16q7 + 30q8 + 40q9 + 66q10 +O(q11). (6.6)
The adaptation to VirG of the decomposition (2.26) is given by
Nn = N ′n ⊕ L+−1Nn−1, (6.7)
where
N ′n = {v ∈ Nn |L+1 v = 0}, dimN ′n = bn − bn−1. (6.8)
For small n, these dimensions are given by
dimN ′1 = 0, dimN ′2 = 2, dimN ′3 = 0, dimN ′4 = 3, dimN ′5 = 1,
dimN ′6 = 7, dimN ′7 = 3, dimN ′8 = 14, dimN ′9 = 10, dimN ′10 = 26.
(6.9)
In terms of fields, the decomposition (6.4) reads
VirG =
∞⊕
n=0
(VirG)n, (6.10)
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where (VirG)n consists of the descendant fields of the identity, of conformal weight n. The field version
of the decomposition (6.7) can then be expressed as
(VirG)n = (QVirG)n ⊕ ∂(VirG)n−1, (6.11)
where (QVirG)n ⊂ QVirG denotes the set of quasi-primary fields of conformal weight n. By construction,
dim(QVirG)n = dimN ′n. (6.12)
For ease of reference, we now list bases for the linear spans of the quasi-primary fields that contain
at most one copy of T+ in each of their terms and have conformal weight between 4 and 6. In our
notation Λˆa,b,...± for quasi-primary fields in QVirG , a + indicates that T+ appears in at least one of the
terms, whereas a − indicates that the quasi-primary field is built using T̂− only. Of weight 4, we thus
have
Λˆ2,2+ = (T
+T̂−)− 310∂2T̂−, Λˆ2,2− = (T̂−T̂−). (6.13)
Of weight 5, we have
Λˆ2
′,2
+ = (∂T
+T̂−)− 12∂Λˆ2,2+ − 115∂3T̂−. (6.14)
Of weight 6, we have
Λˆ2,2,2+ = (T
+T̂−T̂−)− 16∂2Λˆ2,2− , (6.15)
Λˆ2
′′,2
+ =
1
2 [(∂
2T+T̂−) + (∂2T̂−T+)]− 518∂2Λˆ2,2+ − 142∂4T̂−, (6.16)
and
Λˆ2,2,2− = (T̂
−T̂−T̂−), Λˆ2
′′,2
− = (∂
2T̂−T̂−)− 518∂2Λˆ2,2− . (6.17)
As an aside, we note that dimN ′6 − dimM′6 = 5. As we have only listed four linearly independent
quasi-primary fields of conformal weight 6, this suggests that there exists a unique (up to normalisation)
weight-6 quasi-primary field involving T̂− and containing a term with more than one factor of T+.
Indeed, this field is given by
Λˆ2,2,2++ = (T
+T+T̂−) + 310∂Λˆ
2′,2
+ − 14∂2Λˆ2,2+ − 235∂4T̂−. (6.18)
For any A in an OPA A, we note the field identity (A−A+) = (A+A−) in AG. More generally, we
have
(A−A+A− . . . A−) = (A+A−A− . . . A−). (6.19)
In any Galilean conformal OPA, we thus have the identities (T̂−T+) = (T+T̂−), (∂T̂−∂T+) =
(∂T+∂T̂−) and (T̂−T+T̂− . . . T̂−) = (T+T̂−T̂− . . . T̂−), for example, while (∂T̂−T+) 6= (∂T+T̂−).
Generalising the discussion at the end of Section 2.3 to a Galilean conformal OPA AG, we now
consider quasi-primary fields built from normal-ordered products of T± and A±, where A is a primary
field of conformal weight ∆ in A. In addition to the primary fields A+ and Â− of conformal weight ∆,
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we thus find that the following fields are quasi-primary with respect to T+:
Λˆ2,∆+ =
1
2 [(T
+Â−) + (T̂−A+)]− 32(1+2∆)∂2Â−, (6.20)
Λˆ2
′,∆
+ =
1
2 [(∂T
+Â−) + (∂T̂−A+)]− 22+∆∂Λˆ2,∆+ − 1(1+∆)(1+2∆)∂3Â−, (6.21)
Λˆ2,2,∆+ =
1
3 [(T
+T̂−Â−) + (T̂−T+Â−) + (T̂−T̂−A+)] + 13+∆∂Λˆ
2′,∆
− − 2(1+∆)(2+∆)(5+2∆)∂2Λˆ2,∆− , (6.22)
Λˆ2
′′,∆
+ =
1
2 [(∂
2T+Â−) + (∂2T̂−A+)]− 53+∆∂Λˆ2
′,∆
+ − 10(2+∆)(5+2∆)∂2Λˆ2,∆+
− 52(1+∆)(1+2∆)(3+2∆)∂4Â−, (6.23)
Λˆ2
′,2,∆
+ =
1
3 [(∂T
+T̂−Â−) + (∂T̂−T+Â−) + (∂T̂−T̂−A+)]− 24+∆∂Λˆ2,2,∆+ + 14+∆∂Λˆ2
′′,∆
−
− −4+∆(3+∆)(7+2∆)∂2Λˆ2
′,∆
− − 4(1+2∆)3(2+∆)(3+∆)(5+2∆)∂3Λˆ2,∆− , (6.24)
Λˆ2,2
′,∆
+ =
1
3 [(T
+∂T̂−Â−) + (T̂−∂T+Â−) + (T̂−∂T̂−A+)]− 24+∆∂Λˆ2,2,∆+ − 1+∆(3+∆)(7+2∆)∂2Λˆ2
′,∆
−
− 2(7+4∆)3(2+∆)(3+∆)(5+2∆)∂3Λˆ2,∆− , (6.25)
Λˆ2
′′′,∆
+ =
1
2 [(∂
3T+Â−) + (∂3T̂−A+)]− 94+∆∂Λˆ2
′′,∆
+ − 45(3+∆)(7+2∆)∂2Λˆ2
′,∆
+
− 30(2+∆)(3+∆)(5+2∆)∂3Λˆ2,∆+ − 92(1+∆)(2+∆)(1+2∆)(3+2∆)∂5Â−, (6.26)
and
Λˆ2,∆− = (T̂
−Â−), (6.27)
Λˆ2
′,∆
− = (∂T̂
−Â−)− 22+∆∂Λˆ2,∆− , (6.28)
Λˆ2,2,∆− = (T̂
−T̂−Â−), (6.29)
Λˆ2
′′,∆
− = (∂
2T̂−Â−)− 53+∆∂Λˆ2
′,∆
− − 10(2+∆)(5+2∆)∂2Λˆ2,∆− , (6.30)
Λˆ2
′,2,∆
− = (∂T̂
−T̂−Â−)− 24+∆∂Λˆ2,2,∆− , (6.31)
Λˆ2,2
′,∆
− = (T̂
−∂T̂−Â−)− 24+∆∂Λˆ2,2,∆− , (6.32)
Λˆ2
′′′,∆
− = (∂
3T̂−Â−)− 94+∆∂Λˆ2
′′,∆
− − 45(3+∆)(7+2∆)∂2Λˆ2
′,∆
− − 30(2+∆)(3+∆)(5+2∆)∂3Λˆ2,∆− . (6.33)
6.2 Galilean W3 algebra
The W3 algebra [1] is generated by a Virasoro field T and an even primary field W of conformal weight
3. The corresponding star products are
T ∗ T ' c2{I}+ 2{T}, T ∗W ' 3{W}, W ∗W ' c3{I}+ 2{T}+ 3222+5c{Λ2,2}, (6.34)
where the quasi-primary field Λ2,2 is given in (2.37). The vacuum module is generated from the highest-
weight vector |0〉 subject to
Ln|0〉 = Wn′ |0〉 = 0, n ≥ −1, n′ ≥ −2, (6.35)
and its Virasoro character is given by
χ(q) =
∏
∆=2,3
∞∏
n=∆
1
1− qn = 1 + q
2 + 2q3 + 3q4 + 4q5 + 8q6 + 10q7 + 17q8 +O(q9). (6.36)
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This conformal OPA is readily seen to respect the conditions, outlined in Section 5, for admitting
a Galilean contraction. Indeed, the only term preventing the OPA from being simply-extended is the
composite quasi-primary field Λ2,2 = (TT ) − 310∂2T , whose terms have ` = 2 and ` = 1, respectively,
multiplied by φ(c) = 3222+5c satisfying
∑
i αi = −1. We thus find that the Galilean W3 algebra is
generated by the fields {T+,W+, T̂−, Ŵ−}, and that their nontrivial star products are given by
T+∗T+' c+2 {I}+2{T+}, T+∗W+' 3{W+}, T+∗T̂−' 12{I}+2{T̂−}, T+∗Ŵ−' 3{Ŵ−}, (6.37)
and
W+∗W+ ' c+3 {I}+ 2{T+}+ 645 {Λˆ2,2+ } − 32(44+5c
+)
25 {Λˆ2,2− }, (6.38)
W+∗ Ŵ− ' 13{I}+ 2{T̂−}+ 325 {Λˆ2,2− }, (6.39)
where Λˆ2,2± are given in (6.13). We have verified that the star relations (6.37)-(6.39) indeed define an
associative OPA.
We conclude this subsection by noting that the Galilean W3 algebra discussed above is not the
only possible extension of the Galilean Virasoro algebra VirG by a pair of primary fields of conformal
weight 3. For example, letting the nonzero star products of the fields {T±,W±} be defined by
T+∗ T+' c+2 {I}+ 2{T+}, T+∗W+' 3{W+}, T±∗ T∓' 2{T−}, T±∗W∓' 3{W−}, (6.40)
and
W+∗W+' σ{Λˆ2,2− }, σ ∈ C, (6.41)
yields a well-defined OPA, where {T±} generates a Galilean Virasoro subalgebra with c− = 0.
6.3 Galilean W (2, 4) algebra
The W (2, 4) algebra [92,93] is generated by a Virasoro field T and an even primary field W of conformal
weight 4. The corresponding star relations are
T ∗ T ' c2{I}+ 2{T}, T ∗W ' 4{W}, (6.42)
and
W ∗W ' c4{I}+ 2{T}+ C2,24,4{Λ2,2}+ C2,2,24,4 {Λ2,2,2}+ C2
′′,2
4,4 {Λ2
′′,2}+ C44,4{W}+ C2,44,4{Λ2,4}, (6.43)
where the quasi-primary fields Λ2,2, Λ2,2,2 and Λ2
′′,2 are given in (2.37) and (2.44)-(2.45), while Λ2,4
follows from (2.58) and is given by
Λ2,4 = (TW )− 16∂2W. (6.44)
The structure constants in (6.43) are given by
C2,24,4 =
42
22+5c , C
2,2,2
4,4 =
24(13+72c)
(−1+2c)(22+5c)(68+7c) , C
2′′,2
4,4 =
3(−2368−786c+19c2)
2(−1+2c)(22+5c)(68+7c) , (6.45)
and
C44,4 = 3
√
6
√
(24+c)(196−172c+c2)
(−1+2c)(22+5c)(68+7c) , C
2,4
4,4 =
28
3(24+c)C
4
4,4. (6.46)
The vacuum module is generated from the highest-weight vector |0〉 subject to
Ln|0〉 = Wn′ |0〉 = 0, n ≥ −1, n′ ≥ −3, (6.47)
and its Virasoro character is given by
χ(q) =
∏
∆=2,4
∞∏
n=∆
1
1− qn = 1 + q
2 + q3 + 3q4 + 3q5 + 6q6 + 7q7 + 13q8 +O(q9). (6.48)
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As in the case of the W3 algebra in Section 6.2, this conformal OPA is seen to admit a Galilean con-
traction. We thus find that the Galilean W (2, 4) algebra is generated by the fields {T+,W+, T̂−, Ŵ−},
and that their nontrivial star products are given by
T+∗T+' c+2 {I}+2{T+}, T+∗W+' 4{W+}, T+∗T̂−' 12{I}+2{T̂−}, T+∗Ŵ−' 4{Ŵ−}, (6.49)
and
W+∗W+' c+4 {I}+ 2{T+}+ 845 {Λˆ2,2+ }+ 259235 {Λˆ2,2,2+ }+ 5770{Λˆ2
′′,2
+ }+ 3
√
3√
35
{W+}+ 8
√
21√
5
{Λˆ2,4+ },
− 42(44+5c+)25 {Λˆ2,2− } − 24(33853+2520c
+)
1225 {Λˆ2,2,2− } − 3(73127+665c
+)
4900 {Λˆ2
′′,2
− } − 33939
√
3
70
√
35
{Ŵ−}
− 2
√
3(14673+70c+)
5
√
35
{Λˆ2,4− }, (6.50)
W+∗ Ŵ−' 14{I}+ 2{T̂−}+ 425 {Λˆ2,2− }+ 86435 {Λˆ2,2,2− }+ 57140{Λˆ2
′′,2
− }+ 3
√
3√
35
{Ŵ−}+ 4
√
21√
5
{Λˆ2,4− }, (6.51)
where Λˆ2,2± , Λˆ
2,2,2
± and Λˆ
2′′,2
± are given in (6.13) and (6.15)-(6.17), while
Λˆ2,4+ =
1
2 [(T
+Ŵ−) + (T̂−W+)]− 16∂2Ŵ−, Λˆ2,4− = (T̂−Ŵ−), (6.52)
follow from (6.20) and (6.27). We have verified that these star relations indeed define an associative
OPA.
We conclude this subsection by noting that the Galilean W (2, 4) algebra discussed above is not the
only possible extension of the Galilean Virasoro algebra VirG by a pair of primary fields of conformal
weight 4. For example, letting the nonzero star products of the fields {T±,W±} be defined by
T+∗ T+' c+2 {I}+ 2{T+}, T+∗W+' 4{W+}, T±∗ T∓' 2{T−}, T±∗W∓' 4{W−}, (6.53)
and
W+∗W+' 7σ1(8+c+)20 {Λˆ2,2− }+ 3σ1{Λˆ2,2,2+ }+ σ2{Λˆ2,2,2− }+ σ1(−172+c
+)
40 {Λˆ2
′′,2
− }+ σ3{Λˆ2,4− }, (6.54)
W+∗W−' σ1{Λˆ2,2,2− }, (6.55)
where σ1, σ2, σ3 ∈ C, yields a well-defined OPA, where {T±} generates a Galilean Virasoro subalgebra
with c− = 0.
6.4 More Galilean W -algebras
The W -algebras W (2, 6), W4 and W5 are reviewed in Appendix A; their Galilean counterparts are
given in Appendix B. Although these Galilean W -algebras are straightforward to work out following
Section 3 and Section 5, the computations are lengthy and the results rather involved. In each of the
three cases, we have verified explicitly that the corresponding OPA is indeed associative.
One can also apply Galilean contractions to infinitely generated W -algebras. For example, the
algebra W∞ [94] contains a field, V i, of each conformal weight ∆V i = i + 2, where i ∈ N0. The field
V 0 generates a Virasoro subalgebra, and all other fields are primary fields with respect to V 0. The
following expressions for the mode algebra are taken from [6]:
[V im, V
j
n ] =
∑
`≥0
gij2`(m,n)V
i+j−2`
m+n + ci(m)δ
ijδm+n, (6.56)
where the structure constants gij2`(m,n) are independent of c, while
ci(m) = m(m
2 − 1)(m2 − 4) . . . (m2 − (i+ 1)2)ci, ci = 2
2i−3i!(i+ 2)!
(2i+ 1)!!(2i+ 3)!!
c. (6.57)
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The summation over ` is finite since gij2`(m,n) = 0 if 2` > i + j. The corresponding star relations are
given by
V i ∗ V j ' ciδij{I}+
∑
`≥0
g˜ij2`{V i+j−2`}, (6.58)
where the structure constants g˜ij are the mode-label independent versions of gij2`(m,n). This algebra
is readily seen to be simply-extended, and its Galilean counterpart, (W∞)G, is generated by the fields
{V i,±}, with nontrivial star relations given by
V i,+ ∗ V j,± ' c±i δij{I}+
∑
`≥0
g˜ij2`{V i+j−2`,±}. (6.59)
This Galilean algebra has also appeared in [60]. Other examples of infinitely generated W -algebras are
the W1+∞ algebra [95], various supersymmetric extensions of W∞, see [96–98], and a family of nonlinear
W∞ algebras [99]. More recent examples, with applications to higher-spin theory, are discussed in [100,
101]. We have not explicitly calculated Galilean contractions of these algebras.
7 Discussion
We have developed a general Galilean contraction prescription of OPAs. It yields nontrivial extensions
of known symmetry algebras, including W -algebras. The results generalise and, where possible, match
the ones found in the literature, obtained using a similar contraction but in terms of mode algebras. In
particular, several new Galilean W -algebras have been constructed, providing evidence for the existence
of a whole new class of such algebras. Compatibility between Galilean contractions and certain other
operations on OPAs has also been demonstrated.
We have explored what is required of an OPA for it to admit a Galilean contraction. Thus,
assuming that all OPAs do admit a Galilean contraction, these results have significant implications
for the possible structure constants a W -algebra can have. Indeed, under certain simple and rather
non-restrictive assumptions about the dependence of the structure constants on the central charge
(assumptions satisfied by all the W -algebras we have considered), we have determined very concrete
conditions these structure constants must satisfy. Expecting universal applicability of the Galilean
contraction prescription, we accordingly conjecture that these conditions must be respected by all
W -algebras defined for generic central charge. The structure constants in the corresponding Galilean
W -algebras have been characterised explicitly, allowing us to construct subsequently the new Galilean
W -algebras mentioned above.
We note that the Takiff algebra [102], see also [103], associated to an affine Lie (super)algebra
is equivalent to the corresponding Galilean affine algebra discussed in Section 4.3. The generalised
Sugawara construction of the generator T+ of the Virasoro algebra of VirG also appeared in [102],
whereas the similar construction of the generator T− appears to be new. Extensions of the Takiff
construction to W -algebras were not addressed in [102].
Due to their central role in a raft of applications, free-field realisations are ubiquitous in conformal
field theory, see [6, 7, 22, 66, 67, 104–111] and references therein. It is therefore of great interest to
determine to what extent free fields can be utilised when Galilean conformal symmetries are present.
Work in this direction has recently been undertaken [50, 55, 77], constructing free-field realisations of
the Galilean Virasoro algebra and some of its superconformal extensions. It would be very interesting
to perform a systematic analysis of the various Galilean algebras in terms of free fields, and we hope
to return with a discussion of this elsewhere.
As discussed in [112], the Galilean contraction prescription can be generalised from tensor products
of pairs of identical OPAs (up to their central parameters) to higher-order tensor products. For each
OPA (or equivalently, each VOA) admitting a Galilean contraction, this generalisation gives rise to an
infinite hierarchy of higher-order Galilean algebras, naturally termed higher-order Galilean conformal
algebras and, more specifically, higher-order Galilean W -algebras.
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A W -algebras
In this appendix, we present the defining star relations for the W -algebras W (2, 6), W4 and W5. Since
all generators are even in these algebras, it must hold that ∆A + ∆B −∆Q ∈ 2N for CQA,B 6= 0. The
structure constants are related in various ways, for example by [73,113]
∆BC
Q
A,B = ∆QC
B
A,Q, (A.1)
but it is beyond the scope of the present work to discuss these relations more generally.
A.1 W (2, 6) algebra
The W (2, 6) algebra [92, 114] is generated by a Virasoro field T and an even primary field W of
conformal weight 6. The corresponding star relations are
T ∗ T ' c2{I}+ 2{T}, T ∗W ' 6{W}, (A.2)
and
W ∗W ' c6{I}+ 2{T}+ C2,26,6{Λ2,2}+ C2,2,26,6 {Λ2,2,2}+ C2
′′,2
6,6 {Λ2
′′,2}+ C2,2,2,26,6 {Λ2,2,2,2}
+ C2
′′,2,2
6,6 {Λ2
′′,2,2}+ C2′′′′,26,6 {Λ2
′′′′,2}+ C2,2,2,2,26,6 {Λ2,2,2,2,2}+ C2
′′,2,2,2
6,6 {Λ2
′′,2,2,2}
+ C2
′′′′,2,2
6,6 {Λ2
′′′′,2,2}+ C2′′′′′′,26,6 {Λ2
′′′′′′,2}
+ C66,6{W}+ C2,66,6{Λ2,6}+ C2,2,66,6 {Λ2,2,6}+ C2
′′,6
6,6 {Λ2
′′,6}, (A.3)
where Λ2,2, Λ2,2,2 and Λ2
′′,2 are given in (2.37) and (2.44)-(2.45); Λ2,2,2,2, Λ2
′′,2,2 and Λ2
′′′′,2 in (2.49)-
(2.51); Λ2,2,2,2,2, Λ2
′′,2,2,2, Λ2
′′′′,2,2 and Λ2
′′′′′′,2 in (2.54)-(2.57); while
Λ2,6 = (TW )− 326∂2W, (A.4)
Λ2
′,6 = (∂TW )− 14∂Λ2,6 − 191∂3W, (A.5)
Λ2,2,6 = (TTW ) + 16∂Λ
2′,6 − 21136∂2Λ2,6 − 191∂4W, (A.6)
Λ2
′′,6 = (∂2TW )− 59∂Λ2
′,6 − 568∂2Λ2,6 − 1546∂4W (A.7)
follow from (2.58)-(2.61). The structure constants are given by
C66,6 =
20√
3
√
(2+c)(47+c)2(516+13c)2(4−388c+c2)
(−1+2c)(46+3c)(286+3c)(3+5c)(22+5c)(68+7c)(232+11c) ,
29
C2,26,6 =
62
22+5c ,
C2,2,26,6 =
80(35+139c)
3(−1+2c)(22+5c)(68+7c) ,
C2,2,2,26,6 =
8(−2179+57652c+22992c2)
(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c) ,
C2,2,2,2,26,6 =
32(15707+874936c+172800c2)
(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c)(232+11c) ,
C2
′′,2,2,2
6,6 =
20(−1165464−19972498c−1570617c2+29188c3)
3(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c)(232+11c) ,
C2
′′,2
6,6 =
(−740+17c)(−16840−5550c+85c2)
2(−1+2c)(68+7c)(−16280−3326c+85c2) ,
C2
′′,2,2
6,6 =
436944−3525368c−483594c2+8093c3
2(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c) ,
C2,66,6 =
186
516+13cC
6
6,6,
C2,2,66,6 =
12(2089+572c)
5(2+c)(47+c)(516+13c)C
6
6,6,
C2
′′,6
6,6 =
9(−28832−530c+13c2)
20(2+c)(47+c)(516+13c)C
6
6,6,
C2
′′′′,2
6,6 =
−7169952+4735580c−119168c2−24161c3+326c4
24(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c) ,
C2
′′′′′′,2
6,6 =
−1049672832−233820912c+7931836c2+478664c3−28759c4+265c5
144(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c)(232+11c) ,
C2
′′′′,2,2
6,6 =
10(28554672+39310136c−2532744c2−142124c3+2259c4)
24(−1+2c)(46+3c)(3+5c)(22+5c)(68+7c)(232+11c) . (A.8)
The vacuum module is generated from the highest-weight vector |0〉 subject to
Ln|0〉 = Wn′ |0〉 = 0, n ≥ −1, n′ ≥ −5, (A.9)
and its Virasoro character is given by
χ(q) =
∏
∆=2,6
∞∏
n=∆
1
1− qn = 1 + q
2 + q3 + 2q4 + 2q5 + 5q6 + 5q7 + 9q8 +O(q9). (A.10)
A.2 W4 algebra
The W4 algebra [73,115,116] is generated by the following even fields: the Virasoro field T , a primary
field W of conformal weight 3, and a primary field U of conformal weight 4. The nontrivial star relations
are
T ∗ T ' c2{I}+ 2{T}, T ∗W ' 3{W}, T ∗ U ' 4{U}, (A.11)
and
W ∗W ' c3{I}+ 2{T}+ C2,23,3{Λ2,2}+ C43,3{U}, (A.12)
W ∗ U ' C33,4{W}+ C2,33,4{Λ2,3}+ C2
′,3
3,4 {Λ2
′,3}, (A.13)
U ∗ U ' c4{I}+ 2{T}+ C2,24,4{Λ2,2}+ C2,2,24,4 {Λ2,2,2}+ C2
′′,2
4,4 {Λ2
′′,2}
+ C3,34,4{Λ3,3}+ C44,4{U}+ C2,44,4{Λ2,4}, (A.14)
where Λ2,2, Λ2,2,2 and Λ2
′′,2 are given in (2.37) and (2.44)-(2.45);
Λ2,3 = (TW )− 314∂2W, (A.15)
Λ2
′,3 = (∂TW )− 25∂Λ2,3 − 128∂3W, (A.16)
Λ2,4 = (TU)− 16∂2U (A.17)
follow from (2.58) and (2.59); while
Λ3,3 = (WW )− 536∂2
[
C2,23,3Λ
2,2 + C43,3U
]− 184∂4T. (A.18)
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The structure constants are given by
C2,23,3 =
32
22+5c , C
4
3,3 =
4√
3
√
(2+c)(114+7c)
(7+c)(22+5c) ,
C33,4 =
3
4C
4
3,3, C
2,3
3,4 =
39
114+7cC
4
3,3, C
2′,3
3,4 =
3
4(2+c)C
4
3,3,
C2,24,4 =
42
22+5c , C
2,2,2
4,4 =
96(−2+9c)
(2+c)(22+5c)(114+7c) , C
2′′,2
4,4 =
3(−2484−844c+19c2)
4(2+c)(22+5c)(114+7c) ,
C3,34,4 =
45(22+5c)
2(2+c)(114+7c) , C
4
4,4 =
−9(218+c+c2)
4(2+c)(114+7c)C
4
3,3, C
2,4
4,4 =
−3
2+cC
4
3,3.
(A.19)
The vacuum module is generated from the highest-weight vector |0〉 subject to
Ln|0〉 = Wn′ |0〉 = Un′′ |0〉 = 0, n ≥ −1, n′ ≥ −2, n′′ ≥ −3, (A.20)
and its Virasoro character is given by
χ(q) =
4∏
∆=2
∞∏
n=∆
1
1− qn = 1 + q
2 + 2q3 + 4q4 + 5q5 + 10q6 + 14q7 + 25q8 +O(q9). (A.21)
A.3 W5 algebra
The W5 algebra [113,116] is generated by the Virasoro field T and the three even primary fields W , U
and V of conformal weight 3, 4 and 5, respectively. The nontrivial star relations are
T ∗ T ' c2{I}+ 2{T}, T ∗W ' 3{W}, T ∗ U ' 4{U}, T ∗ V ' 5{V }, (A.22)
and
W ∗W ' c3{I}+ 2{T}+ C2,23,3{Λ2,2}+ C43,3{U}, (A.23)
W ∗ U ' C33,4{W}+ C2,33,4{Λ2,3}+ C2
′,3
3,4 {Λ2
′,3}+ C53,4{V }, (A.24)
W ∗ V ' C2,2,23,5 {Λ2,2,2}+ C2
′′,2
3,5 {Λ2
′′,2}+ C3,33,5{Λ3,3}+ C43,5{U}+ C2,43,5{Λ2,4}+ C2
′,4
3,5 {Λ2
′,4}, (A.25)
U ∗ U ' c4{I}+ 2{T}+ C2,24,4{Λ2,2}+ C2,2,24,4 {Λ2,2,2}+ C2
′′,2
4,4 {Λ2
′′,2}
+ C3,34,4{Λ3,3}+ C44,4{U}+ C2,44,4{Λ2,4}, (A.26)
U ∗ V ' C34,5{W}+ C2,34,5{Λ2,3}+ C2
′,3
4,5 {Λ2
′,3}+ C2′′,34,5 {Λ2
′′,3}+ C2′′′,34,5 {Λ2
′′′,3}+ C2,2,34,5 {Λ2,2,3}
+ C2
′,2,3
4,5 {Λ2
′,2,3}+ C54,5{V }+ C2,54,5{Λ2,5}+ C2
′,5
4,5 {Λ2
′,5}+ C3,44,5{Λ3,4}+ C3
′,4
4,5 {Λ3
′,4}, (A.27)
V ∗ V ' c5{I}+ 2{T}+ C2,25,5{Λ2,2}+ C2,2,25,5 {Λ2,2,2}+ C2
′′,2
5,5 {Λ2
′′,2}+ C2,2,2,25,5 {Λ2,2,2,2}
+ C2
′′,2,2
5,5 {Λ2
′′,2,2}+ C2′′′′,25,5 {Λ2
′′′′,2}+ C3,35,5{Λ3,3}+ C2,3,35,5 {Λ2,3,3}+ C3
′′,3
5,5 {Λ3
′′,3}
+ C45,5{U}+ C2,45,5{Λ2,4}+ C2,2,45,5 {Λ2,2,4}+ C2
′′,4
5,5 {Λ2
′′,4}+ C4,45,5{Λ4,4}+ C3,55,5{Λ3,5}, (A.28)
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where Λ2,2, Λ2,2,2, Λ2
′′,2, Λ2,2,2,2, Λ2
′′,2,2 and Λ2
′′′′,2 are given in (2.37), (2.44)-(2.45) and (2.49)-(2.51);
Λ2,3 = (TW )− 314∂2W,
Λ2
′,3 = (∂TW )− 25∂Λ2,3 − 128∂3W,
Λ2
′′,3 = (∂2TW )− 56∂Λ2
′,3 − 211∂2Λ2,3 − 5504∂4W,
Λ2
′′′,3 = (∂3TW )− 97∂Λ2
′′,3 − 1526∂2Λ2
′,3 − 111∂3Λ2,3 − 1280∂5W
Λ2,2,3 = (TTW ) + 14∂Λ
2′,3 − 1255∂2Λ2,3 − 11336∂4W,
Λ2
′,2,3 = (∂TTW )− 27∂Λ2,2,3 + 314∂Λ2
′′,3 + 152∂
2Λ2
′,3 − 7165∂3Λ2,3 − 1240∂5W,
Λ2,4 = (TU)− 16∂2U,
Λ2
′,4 = (∂TU)− 13∂Λ2,4 − 145∂3U,
Λ2,2,4 = (TTU) + 314∂Λ
2′,4 − 526∂2Λ2,4 − 7330∂4U,
Λ2
′′,4 = (∂2TU)− 57∂Λ2
′,4 − 539∂2Λ2,4 − 1198∂4U,
Λ2,5 = (TV )− 322∂2V,
Λ2
′,5 = (∂TV )− 27∂Λ2,5 − 166∂3V (A.29)
follow from (2.58)-(2.64); while
Λ3,3 = (WW )− 536∂2
[
C2,23,3Λ
2,2 + C43,3U
]− 184∂4T,
Λ2,3,3 = (TWW ) + 528C
4
3,3∂Λ
2′,4 − 578C43,3∂2Λ2,4 − 326∂2Λ3,3 − 8039(22+5c)∂2Λ2,2,2 − 5(−2+c)52(22+5c)∂2Λ2
′′,2
− 5(94+c)25344 C2,23,3∂4Λ2,2 − 7396C43,3∂4U − 53024∂6T,
Λ3
′′,3 = (∂2WW )− 726∂2Λ3,3 − 7792∂4
[
C2,23,3Λ
2,2 + C43,3U
]− 12160∂6T,
Λ3,4 = (WU)− 512C2
′,3
3,4 ∂Λ
2′,3 − 111∂2
[
C2,33,4Λ
2,3 + C53,4V
]− 53024C33,4∂4W,
Λ3
′,4 = (∂WU)− 37∂Λ3,4 − 552C2
′,3
3,4 ∂
2Λ2
′,3 − 166∂3
[
C2,33,4Λ
2,3 + C53,4V
]− 15040C33,4∂5W,
Λ3,5 = (WV )− 514C2
′,4
3,5 ∂Λ
2′,4 − 578∂2
[
C2,2,23,5 Λ
2,2,2 + C2
′′,2
3,5 Λ
2′′,2 + C3,33,5Λ
3,3 + C2,43,5Λ
2,4
]− 11584C43,5∂4U,
Λ4,4 = (UU)− 752∂2
[
C2,2,24,4 Λ
2,2,2 + C2
′′,2
4,4 Λ
2′′,2 + C3,34,4Λ
3,3 + C2,44,4Λ
2,4
]− 71584∂4[C2,24,4Λ2,2 + C44,4U]
− 14320∂6T. (A.30)
The structure constants are given by
C2,23,3 =
32
22+5c , C
4
3,3 =
32√
3
√
(2+c)(23+c)
(22+5c)(68+7c) , C
5
3,4 = 5
√
(116+3c)(22+5c)
(68+7c)(114+7c) ,
C33,4 =
3
4C
4
3,3, C
2,3
3,4 =
39
114+7cC
4
3,3, C
2′,3
3,4 =
3
4(2+c)C
4
3,3,
C43,5 =
4
5C
5
3,4, C
2,4
3,5 =
32(22+3c)
(116+3c)(22+5c)C
5
3,4, C
2′,4
3,5 =
32
5(22+5c)C
5
3,4,
(A.31)
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C2,2,23,5 =
−6(22+191c)
5(2+c)(23+c)(116+3c)(22+5c)C
4
3,3C
5
3,4, C
2′′,2
3,5 =
−9(−3784−1266c+43c2)
80(2+c)(23+c)(116+3c)(22+5c)C
4
3,3C
5
3,4,
C3,33,5 =
9(−1+2c)(68+7c)
40(2+c)(23+c)(116+3c)C
4
3,3C
5
3,4, C
2,2
4,4 =
42
22+5c ,
C2,2,24,4 =
72(38+3c)(−1+4c)
(2+c)(23+c)(22+5c)(68+7c) , C
2′′,2
4,4 =
3(−31888−13380c−624c2+19c3)
4(2+c)(23+c)(22+5c)(68+7c) ,
C3,34,4 =
9(22+5c)
2(2+c)(23+c) , C
4
4,4 =
9(−128+70c+c2)
32(2+c)(23+c) C
4
3,3,
C2,44,4 =
3(−118+7c)
8(2+c)(23+c)C
4
3,3, C
3
4,5 =
3
5C
5
3,4,
C2,34,5 =
198
5(114+7c)C
5
3,4, C
2′,3
4,5 =
4
5(2+c)C
5
3,4,
C2
′′,3
4,5 =
−3617880−434632c−6392c2+297c3
10(23+c)(116+3c)(22+5c)(114+7c)C
5
3,4, C
2′′′,3
4,5 =
6(−120−38c+c2)
5(2+c)(22+5c)(114+7c)C
5
3,4,
C2,2,34,5 =
12(−28834+23921c+1224c2)
5(23+c)(116+3c)(22+5c)(114+7c)C
5
3,4, C
2′,2,3
4,5 =
144(−2+9c)
5(2+c)(22+5c)(114+7c)C
5
3,4,
C54,5 =
−15(70272+9340c+204c2+11c3)
64(2+c)(23+c)(114+7c) C
4
3,3, C
2,5
4,5 =
−15(7796+1196c+29c2)
16(2+c)(23+c)(114+7c)C
4
3,3,
C2
′,5
4,5 =
−3(13320+262c+11c2)
16(2+c)(23+c)(114+7c)C
4
3,3, C
3,4
4,5 =
3(68+7c)(334+37c)
80(2+c)(23+c)(116+3c)C
4
3,3C
5
3,4,
C3
′,4
4,5 =
9(68+7c)
80(2+c)(23+c)C
4
3,3C
5
3,4, C
2,2
5,5 =
52
22+5c ,
(A.32)
C3,35,5 =
3(1507824+248948c+14880c2+181c3)
2(2+c)(23+c)(116+3c)(114+7c) , C
2,3,3
5,5 =
48(−1+2c)(572+31c)
(2+c)(23+c)(116+3c)(114+7c) ,
C3
′′,3
5,5 =
2(−13656−306c+11c2)
(2+c)(116+3c)(114+7c) , C
4
5,5 =
−3(70272+9340c+204c2+11c3)
16(2+c)(23+c)(114+7c) C
4
3,3,
C2,45,5 =
−3(3767568+452876c+11520c2+187c3)
8(2+c)(23+c)(116+3c)(114+7c) C
4
3,3, C
2,2,4
5,5 =
−48(−5266+23131c+2393c2+43c3)
(2+c)(23+c)(116+3c)(22+5c)(114+7c)C
4
3,3,
C4,45,5 =
64(114+7c)
(116+3c)(22+5c) , C
3,5
5,5 =
−3(68+7c)
8(2+c)(23+c)C
4
3,3C
5
3,4,
(A.33)
and
C2,2,25,5 =
24(−3744688+14490156c+1942364c2+86853c3+1148c4)
(2+c)(23+c)(116+3c)(22+5c)(68+7c)(114+7c) ,
C2
′′,2
5,5 =
−3179356800−1514441152c−143786712c2−4143084c3+28774c4+1491c5
4(2+c)(23+c)(116+3c)(22+5c)(68+7c)(114+7c) ,
C2,2,2,25,5 =
768(10972−84704c+171793c2+17652c3+504c4)
(2+c)(23+c)(116+3c)(22+5c)2(68+7c)(114+7c)
,
C2
′′,2,2
5,5 =
4(148360896−564291840c−139424540c2−9031284c3−142659c4+2492c5)
(2+c)(23+c)(116+3c)(22+5c)2(68+7c)(114+7c)
,
C2
′′′′,2
5,5 =
208376832+1627582784c+197099280c2−160532c3−738044c4−20289c5+119c6
3(2+c)(23+c)(116+3c)(22+5c)2(68+7c)(114+7c)
,
C2
′′,4
5,5 =
−(−155818176−17252736c−139972c2+17732c3+203c4)
16(2+c)(23+c)(116+3c)(22+5c)(114+7c) C
4
3,3.
(A.34)
The vacuum module is generated from the highest-weight vector |0〉 subject to
Ln|0〉 = Wn′ |0〉 = Un′′ |0〉 = Vn′′′ |0〉 = 0, n ≥ −1, n′ ≥ −2, n′′ ≥ −3, n′′′ ≥ −4, (A.35)
and its Virasoro character is given by
χ(q) =
5∏
∆=2
∞∏
n=∆
1
1− qn = 1 + q
2 + 2q3 + 4q4 + 6q5 + 11q6 + 16q7 + 29q8 +O(q9). (A.36)
B Galilean W -algebras
In this appendix, we present the Galilean contracted algebras constructed from the W -algebras dis-
cussed in Appendix A. The results are presented using star relations, and we have verified that the
33
ensuing algebras are indeed associative OPAs. Supplementing the discussion of the Galilean Virasoro
algebra in Section 6.1, the following quasi-primary fields are used in the decomposition of some of the
star products:
Λˆ2,2,2,2+ = (T
+T̂−T̂−T̂−)− 326∂2Λˆ2,2,2− , (B.1)
Λˆ2
′′,2,2
+ =
1
3 [(∂
2T+T̂−T̂−) + (∂2T̂−T+T̂−) + (∂2T̂−T̂−T+)]− 539∂2Λˆ2,2,2+ + 439∂2Λˆ2
′′,2
− − 4297∂4Λˆ2,2− ,
(B.2)
Λˆ2
′′′′,2
+ =
1
2 [(∂
4T+T̂−) + (∂4T̂−T+)]− 2113∂2Λˆ2
′′,2
+ − 766∂4Λˆ2,2+ − 1180∂6T̂−, (B.3)
Λˆ2
′′′,2,2
+ =
1
3 [(∂
3T+T̂−T̂−) + (∂3T̂−T+T̂−) + (∂3T̂−T̂−T+)]− 98∂Λˆ2
′′,2,2
+ +
1
8∂Λˆ
2′′′′,2
− − 591∂3Λˆ2,2,2+
+ 9182∂
3Λˆ2
′′,2
− − 1165∂5Λˆ2,2− , (B.4)
Λˆ2,2,2,2,2+ = (T
+T̂−T̂−T̂−T̂−)− 334∂2Λˆ2,2,2,2− , (B.5)
Λˆ2
′′,2,2,2
+ =
1
4 [(∂
2T+T̂−T̂−T̂−) + (∂2T̂−T+T̂−T̂−) + (∂2T̂−T̂−T+T̂−) + (∂2T̂−T̂−T̂−T+)]
+ 736∂Λˆ
2′′′,2,2
− − 568∂2Λˆ2,2,2,2+ + 27544∂2Λˆ2
′′,2,2
− − 1156∂4Λˆ2,2,2− , (B.6)
Λˆ2
′′′′,2,2
+ =
1
3 [(∂
4T+T̂−T̂−) + (∂4T̂−T+T̂−) + (∂4T̂−T̂−T+)]− 149 ∂Λˆ2
′′′,2,2
+ − 6368∂2Λˆ2
′′,2,2
+ +
13
68∂
2Λˆ2
′′′′,2
−
− 139∂4Λˆ2,2,2+ + 4195∂4Λˆ2
′′,2
− − 11938610∂6Λˆ2,2− , (B.7)
Λˆ2
′′′′′′,2
+ =
1
2 [(∂
6T+T̂−) + (∂6T̂−T+)]− 13534 ∂2Λˆ2
′′′′,2
+ − 1813∂4Λˆ2
′′,2
+ − 7143∂6Λˆ2,2+ − 31540∂8T̂−, (B.8)
and
Λˆ2,2,2,2− = (T̂
−T̂−T̂−T̂−), (B.9)
Λˆ2
′′,2,2
− = (∂
2T̂−T̂−T̂−)− 539∂2Λˆ2,2,2− , (B.10)
Λˆ2
′′′′,2
− = (∂
4T̂−T̂−)− 2113∂2Λˆ2
′′,2
− − 766∂4Λˆ2,2− , (B.11)
Λˆ2
′′′,2,2
− = (∂
3T̂−T̂−T̂−)− 98∂Λˆ2
′′,2,2
− − 591∂3Λˆ2,2,2− , (B.12)
Λˆ2,2,2,2,2− = (T̂
−T̂−T̂−T̂−T̂−), (B.13)
Λˆ2
′′,2,2,2
− = (∂
2T̂−T̂−T̂−T̂−)− 568∂2Λˆ2,2,2,2− , (B.14)
Λˆ2
′′′′,2,2
− = (∂
4T̂−T̂−T̂−)− 149 ∂Λˆ2
′′′,2,2
− − 6368∂2Λˆ2
′′,2,2
− − 139∂4Λˆ2,2,2− , (B.15)
Λˆ2
′′′′′′,2
− = (∂
6T̂−T̂−)− 13534 ∂2Λˆ2
′′′′,2
− − 1813∂4Λˆ2
′′,2
− − 7143∂6Λˆ2,2− . (B.16)
B.1 Galilean W (2, 6) algebra
The Galilean W (2, 6) algebra (W (2, 6))G is generated by the fields {T+,W+, T̂−, Ŵ−}. The fields
{T+, T̂−} generate a subalgebra isomorphic to VirG, while {W+, Ŵ−} are primary fields of conformal
weight 6 with respect to the Virasoro generator T+. The nontrivial star products not involving T+ nor
34
T̂− are given by
W+∗W+' c+6 {I}+ 2{T+}+ 1245 {Λˆ2,2+ }+ 11127 {Λˆ2,2,2+ }+ 1714{Λˆ2
′′,2
+ }+ 122624175 {Λˆ2,2,2,2+ }+ 8093700 {Λˆ2
′′,2,2
+ }
+ 1636300{Λˆ2
′′′′,2
+ }+ 18432077 {Λˆ2,2,2,2,2+ }+ 2335043465 {Λˆ2
′′,2,2,2
+ }+ 7533080{Λˆ2
′′′′,2,2
+ }+ 53166320{Λˆ2
′′′′′′,2
+ }
+ 26
√
2
3
√
231
{W+}+ 248
√
2√
231
{Λˆ2,6+ }+ 416
√
66
5
√
7
{Λˆ2,2,6+ }+ 13
√
6
5
√
77
{Λˆ2′′,6+ } − 62(44+5c
+)
25 {Λˆ2,2− }
− 8(130017+9730c+)735 {Λˆ2,2,2− } − 93901+595c
+
980 {Λˆ2
′′,2
− } − 32(1087987+60354c
+)
3675 {Λˆ2,2,2,2− }
− 30354361+339906c+44100 {Λˆ2
′′,2,2
− } − 709664+3423c
+
264600 {Λˆ2
′′′′,2
− } − 256(75800741+3326400c
+)
444675 {Λˆ2,2,2,2,2− }
− 4(704239157+10113642c+)800415 {Λˆ2
′′,2,2,2
− } − 39503531+347886c
+
2134440 {Λˆ2
′′′′,2,2
− } − 19486333+61215c
+
384199200 {Λˆ2
′′′′′′,2
− }
− 2153675
√
2
693
√
231
{Ŵ−} − 62
√
2(202343+462c+)
231
√
231
{Λˆ2,6− } − 32
√
2(1587589+6006c+)
105
√
231
{Λˆ2,2,6− }
− 3708767+6006c+
770
√
462
{Λˆ2′′,6− } (B.17)
and
W+∗ Ŵ−' 16{I}+ 2{T̂−}+ 625 {Λˆ2,2− }+ 111221 {Λˆ2,2,2− }+ 1728{Λˆ2
′′,2
− }+ 30656175 {Λˆ2,2,2,2− }+ 80932100{Λˆ2
′′,2,2
− }
+ 16312600{Λˆ2
′′′′,2
− }+ 3686477 {Λˆ2,2,2,2,2− }+ 583763465 {Λˆ2
′′,2,2,2
− }+ 2513080{Λˆ2
′′′′,2,2
− }+ 53332640{Λˆ2
′′′′′′,2
− }
+ 26
√
2
3
√
231
{Ŵ−}+ 124
√
2√
231
{Λˆ2,6− }+ 416
√
22
5
√
21
{Λˆ2,2,6− }+ 13
√
3
5
√
154
{Λˆ2′′,6− }, (B.18)
where the quasi-primary fields Λˆ2,2± , Λˆ
2,2,2
± and Λˆ
2′′,2
± are given in (6.13) and (6.15)-(6.17); Λˆ
2,2,2,2
± ,
Λˆ2
′′,2,2
± , Λˆ
2′′′′,2
± , Λˆ
2,2,2,2,2
± , Λˆ
2′′,2,2,2
± , Λˆ
2′′′′,2,2
± , and Λˆ
2′′′′′′,2
± in (B.1)-(B.16); while
Λˆ2,6+ =
1
2 [(T
+Ŵ−) + (T̂−W+)]− 326∂2Ŵ−, (B.19)
Λˆ2
′,6
+ =
1
2 [(∂T
+Ŵ−) + (∂T̂−W+)]− 14∂Λˆ2,6+ − 191∂3Ŵ−, (B.20)
Λˆ2,2,6+ =
1
3 [(T
+T̂−Ŵ−) + (T̂−T+Ŵ−) + (T̂−T̂−W+)] + 19∂Λˆ
2′,6
− − 768∂2Λˆ2,6− , (B.21)
Λˆ2
′′,6
+ =
1
2 [(∂
2T+Ŵ−) + (∂2T̂−W+)]− 59∂Λˆ2
′,6
+ − 568∂2Λˆ2,6+ − 1546∂4Ŵ−, (B.22)
and
Λˆ2,6− = (T̂−Ŵ−), Λˆ
2′,6
− = (∂T̂−Ŵ−)− 14∂Λˆ2,6− ,
Λˆ2,2,6− = (T̂−T̂−Ŵ−), Λˆ
2′′,6
− = (∂2T̂−Ŵ−)− 59∂Λˆ2
′,6
− − 568∂2Λˆ2,6− ,
(B.23)
follow from (6.20)-(6.33).
B.2 Galilean W4 algebra
The Galilean W4 algebra (W4)G is generated by the fields {T+,W+, U+, T̂−, Ŵ−, Û−}. The fields
{T+, T̂−} generate a subalgebra isomorphic to VirG, while {W+, Ŵ−} and {U+, Û−} are primary
fields of conformal weight 3 and 4 with respect to the Virasoro generator T+. The nontrivial star
35
products not involving T+ nor T̂− are given by
W+∗W+' c+3 {I}+ 2{T+}+ 645 {Λˆ2,2+ }+ 4
√
7√
15
{U+} − 32(44+5c+)25 {Λˆ2,2− }+ 9645√105{Û
−}, (B.24)
W+∗ U+'
√
21√
5
{W+}+ 104
√
3√
35
{Λˆ2,3+ }+ 2
√
21√
5
{Λˆ2′,3+ }
+ 241
√
3
5
√
35
{Ŵ−} − 52
√
3(899+35c+)
35
√
35
{Λˆ2,3− } −
√
3(−101+35c+)
5
√
35
{Λˆ2′,3− }, (B.25)
U+∗ U+' c+4 {I}+ 2{T+}+ 845 {Λˆ2,2+ }+ 259235 {Λˆ2,2,2+ }+ 5770{Λˆ2
′′,2
+ }+ 2257 {Λˆ3,3+ } − 3
√
3√
35
{U+}
− 8
√
21√
5
{Λˆ2,4+ } − 42(44+5c
+)
25 {Λˆ2,2− } − 192(7216+315c
+)
1225 {Λˆ2,2,2− } − 3(89252+665c
+)
4900 {Λˆ2
′′,2
− }
− 45(972+35c+)98 {Λˆ3,3− }+ 2907
√
3
35
√
35
{Û−}+ 4
√
3(−101+35c+)
5
√
35
{Λˆ2,4− }, (B.26)
and
W+∗ Ŵ−' 13{I}+ 2{T̂−}+ 325 {Λˆ2,2− }+ 4
√
7√
15
{Û−}, (B.27)
W+∗ Û−'
√
21√
5
{Ŵ−}+ 52
√
3√
35
{Λˆ2,3− }+
√
21√
5
{Λˆ2′,3− }, (B.28)
U+∗ Û−' 14{I}+ 2{T̂−}+ 425 {Λˆ2,2− }+ 86435 {Λˆ2,2,2− }+ 57140{Λˆ2
′′,2
− }+ 22514 {Λˆ3,3− }
− 3
√
3√
35
{Û−} − 4
√
21√
5
{Λˆ2,4− }, (B.29)
where the quasi-primary fields Λˆ2,2± , Λˆ
2,2,2
± and Λˆ
2′′,2
± are given in (6.13) and (6.15)-(6.17);
Λˆ2,3+ =
1
2 [(T
+Ŵ−) + (T̂−W+)]− 314∂2Ŵ−, (B.30)
Λˆ2
′,3
+ =
1
2 [(∂T
+Ŵ−) + (∂T̂−W+)]− 25∂Λˆ2,3+ − 128∂3Ŵ−, (B.31)
Λˆ2,4+ =
1
2 [(T
+Û−) + (T̂−U+)]− 16∂2Û−, (B.32)
and
Λˆ2,3− = (T̂
−Ŵ−), Λˆ2
′,3
− = (∂T̂
−Ŵ−)− 25∂Λˆ2,3− , Λˆ2,4− = (T̂−Û−) (B.33)
follow from (6.20)-(6.21) and (6.27)-(6.28); while
Λˆ3,3+ = (W
+Ŵ−)− 89∂2Λˆ2,2− −
√
35
9
√
3
∂2Û− − 184∂4T̂−, Λˆ3,3− = (Ŵ−Ŵ−). (B.34)
B.3 Galilean W5 algebra
The Galilean W5 algebra (W5)G is generated by the fields {T+,W+, U+, V +, T̂−, Ŵ−, Û−, V̂ −}. The
fields {T+, T̂−} generate a subalgebra isomorphic to VirG, while {W+, Ŵ−}, {U+, Û−} and {V +, V̂ −}
are primary fields of conformal weight 3, 4 and 5 with respect to the Virasoro generator T+. The
nontrivial star products not involving T+ nor T̂− are given by
W+∗W+' c+3 {I}+ 2{T+}+ 645 {Λˆ2,2+ }+ 32√105{U
+} − 32(44+5c+)25 {Λˆ2,2− }+ 4064
√
3
35
√
35
{Û−}, (B.35)
W+∗ U+' 8
√
3√
35
{W+}+ 832
√
3
7
√
35
{Λˆ2,3+ }+ 16
√
3√
35
{Λˆ2′,3+ }+ 5
√
15
7 {V +}+ 3048
√
3
35
√
35
{Ŵ−}
− 416
√
3(759+35c+)
245
√
35
{Λˆ2,3− } − 8
√
3(−241+35c+)
35
√
35
{Λˆ2′,3− }+ 256
√
5
7
√
3
{V̂ −}, (B.36)
W+∗ V +' 48√
7
{Λˆ3,3+ }+ 4
√
15
7 {U+}+ 64
√
15
7 {Λˆ2,4+ }+ 64
√
3
7
√
5
{Λˆ2′,4+ } − 2444835√7 {Λˆ
2,2,2
− } − 51635√7{Λˆ
2′′,2
− }
− 8(1700+21c+)
7
√
7
{Λˆ3,3− }+ 10247√15{Û
−} − 32
√
3(272+5c+)
7
√
5
{Λˆ2,4− } − 32(−124+15c
+)
35
√
15
{Λˆ2′,4− }, (B.37)
36
U+∗ U+' c+4 {I}+ 2{T+}+ 845 {Λˆ2,2+ }+ 259235 {Λˆ2,2,2+ }+ 5770{Λˆ2
′′,2
+ }+ 45{Λˆ3,3+ }+ 3
√
3√
35
{U+}
+ 8
√
21√
5
{Λˆ2,4+ } − 42(44+5c
+)
25 {Λˆ2,2− } − 144(11213+420c
+)
1225 {Λˆ2,2,2− } − 3(95702+133c
+)
245 {Λˆ2
′′,2
− }
− 9(206+5c+)2 {Λˆ3,3− }+ 10593
√
3
35
√
35
{Û−} − 4
√
3(2549+35c+)
5
√
35
{Λˆ2,4− }, (B.38)
U+∗ V +' 3
√
15
7 {W+}+ 396
√
15
49 {Λˆ2,3+ }+ 8
√
15
7 {Λˆ2
′,3
+ }+ 99
√
3
49
√
5
{Λˆ2′′,3+ }+ 12
√
3
49
√
5
{Λˆ2′′′,3+ }
+ 14688
√
3
49
√
5
{Λˆ2,2,3+ }+ 3888
√
3
49
√
5
{Λˆ2′,2,3+ }+ 148√7 {Λˆ
3,4
+ }+ 36√7{Λˆ
3′,4
+ } − 11
√
15
14
√
7
{V +} − 116
√
15
7
√
7
{Λˆ2,5+ }
− 44
√
3
7
√
35
{Λˆ2′,5+ }+ 256
√
3
7
√
5
{Ŵ−} − 66
√
3(1628+105c+)
343
√
5
{Λˆ2,3− } − 4(−196+15c
+)
7
√
15
{Λˆ2′,3− }
− 8
√
3(2325173+42840c+)
1715
√
5
{Λˆ2,2,3− } − 1982138+10395c
+
3430
√
15
{Λˆ2′′,3− } − 2
√
3(10952+105c+)
1715
√
5
{Λˆ2′′′,3− }
− 288
√
3(4528+315c+)
1715
√
5
{Λˆ2′,2,3− } − 2(48095+777c
+)
21
√
7
{Λˆ3,4− } − 6(55+21c
+)
7
√
7
{Λˆ3′,4− }
+ 13319
√
3
98
√
35
{V̂ −}+ 2
√
3(−10959+1015c+)
49
√
35
{Λˆ2,5− }+ 2
√
3(9259+385c+)
245
√
35
{Λˆ2′,5− }, (B.39)
V +∗ V +' c+5 {I}+ 2{T+}+ 1045 {Λˆ2,2+ }+ 393635 {Λˆ2,2,2+ }+ 7170{Λˆ2
′′,2
+ }+ 73728175 {Λˆ2,2,2,2+ }+ 1424175 {Λˆ2
′′,2,2
+ }
+ 341575{Λˆ2
′′′′,2
+ }+ 1817 {Λˆ3,3+ }+ 4421{Λˆ3
′′,3
+ }+ 29767 {Λˆ2,3,3+ } − 22
√
3
7
√
35
{U+} − 1496
7
√
105
{Λˆ2,4+ }
− 22016
√
3
35
√
35
{Λˆ2,2,4+ } − 11615√105{Λˆ
2′′,4
+ }+ 89615 {Λˆ4,4+ } − 120√7 {Λˆ
3,5
+ } − 52(44+5c
+)
25 {Λˆ2,2− }
− 16(317033+17220c+)3675 {Λˆ2,2,2− } − 371598+2485c
+
4900 {Λˆ2
′′,2
− } − 18432(4441+105c
+)
6125 {Λˆ2,2,2,2− }
− 8(5820569+37380c+)55125 {Λˆ2
′′,2,2
− } − 960196+1785c
+
165375 {Λˆ2
′′′′,2
− } − −17162+3801c
+
294 {Λˆ3,3− }
− 2(39164+231c+)441 {Λˆ3
′′,3
− } − 32(80725+1302c
+)
147 {Λˆ2,3,3− }+ 26638
√
3
245
√
35
{Û−}
+ 4(506789+19635c
+)
735
√
105
{Λˆ2,4− }+ 512(210023+9030c
+)
3675
√
105
{Λˆ2,2,4− }+ 2(−7343+435c
+)
225
√
105
{Λˆ2′′,4− }
− 64(5624+105c+)225 {Λˆ4,4− }+ 20(55+21c
+)
7
√
7
{Λˆ3,5− }, (B.40)
W+∗ Ŵ−' 13{I}+ 2{T̂−}+ 325 {Λˆ2,2− }+ 32√105{Û
−}, (B.41)
W+∗ Û−' 8
√
3√
35
{Ŵ−}+ 416
√
3
7
√
35
{Λˆ2,3− }+ 8
√
3√
35
{Λˆ2′,3− }+ 5
√
15
7 {V̂ −}, (B.42)
W+∗ V̂ −' 24√
7
{Λˆ3,3− }+ 4
√
15
7 {Û−}+ 32
√
15
7 {Λˆ2,4− }+ 32
√
3
7
√
5
{Λˆ2′,4− }, (B.43)
U+∗ Û−' 14{I}+ 2{T̂−}+ 425 {Λˆ2,2− }+ 86435 {Λˆ2,2,2− }+ 57140{Λˆ2
′′,2
− }
+ 452 {Λˆ3,3− }+ 3
√
3√
35
{Û−}+ 4
√
21√
5
{Λˆ2,4− }, (B.44)
U+∗ V̂ −' 3
√
15
7 {Ŵ−}+ 198
√
15
49 {Λˆ2,3− }+ 4
√
15
7 {Λˆ2
′,3
− }+ 4896
√
3
49
√
5
{Λˆ2,2,3− }+ 99
√
3
98
√
5
{Λˆ2′′,3− }+ 6
√
3
49
√
5
{Λˆ2′′′,3− }
+ 1296
√
3
49
√
5
{Λˆ2′,2,3− }+ 74√7{Λˆ
3,4
− }+ 18√7{Λˆ
3′,4
− } − 11
√
15
14
√
7
{V̂ −} − 58
√
15
7
√
7
{Λˆ2,5− } − 22
√
3
7
√
35
{Λˆ2′,5− }, (B.45)
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and
V +∗ V̂ −' 15{I}+ 2{T̂−}+ 525 {Λˆ2,2− }+ 131235 {Λˆ2,2,2− }+ 71140{Λˆ2
′′,2
− }+ 18432175 {Λˆ2,2,2,2− }+ 1424525 {Λˆ2
′′,2,2
− }
+ 171575{Λˆ2
′′′′,2
− }+ 18114 {Λˆ3,3− }+ 9927 {Λˆ2,3,3− }+ 2221{Λˆ3
′′,3
− } − 22
√
3
7
√
35
{Û−} − 748
7
√
105
{Λˆ2,4− }
− 22016
35
√
105
{Λˆ2,2,4− } − 5815√105{Λˆ
2′′,4
− }+ 44815 {Λˆ4,4− } − 60√7{Λˆ
3,5
− }, (B.46)
where the quasi-primary fields Λˆ2,2± , Λˆ
2,2,2
± and Λˆ
2′′,2
± are given in (6.13) and (6.15)-(6.17); Λˆ
2,2,2,2
± , Λˆ
2′′,2,2
±
and Λˆ2
′′′′,2
± in (B.1)-(B.3) and (B.9)-(B.11);
Λˆ2,3+ =
1
2 [(T
+Ŵ−) + (T̂−W+)]− 314∂2Ŵ−, (B.47)
Λˆ2
′,3
+ =
1
2 [(∂T
+Ŵ−) + (∂T̂−W+)]− 25∂Λˆ2,3+ − 128∂3Ŵ−, (B.48)
Λˆ2,2,3+ =
1
3 [(T
+T̂−Ŵ−) + (T̂−T+Ŵ−) + (T̂−T̂−W+)] + 16∂Λˆ
2′,3
− − 855∂2Λˆ2,3− , (B.49)
Λˆ2
′′,3
+ =
1
2 [(∂
2T+Ŵ−) + (∂2T̂−W+)]− 56∂Λˆ2
′,3
+ − 211∂2Λˆ2,3+ − 5504∂4Ŵ−, (B.50)
Λˆ2
′,2,3
+ =
1
3 [(∂T
+T̂−Ŵ−) + (∂T̂−T+Ŵ−) + (∂T̂−T̂−W+)]− 27∂Λˆ2,2,3+ + 17∂Λˆ2
′′,3
−
+ 178∂
2Λˆ2
′,3
− − 14495∂3Λˆ2,3− , (B.51)
Λˆ2
′′′,3
+ =
1
2 [(∂
3T+Ŵ−) + (∂3T̂−W+)]− 97∂Λˆ2
′′,3
+ − 1526∂2Λˆ2
′,3
+ − 111∂3Λˆ2,3+ − 1280∂5Ŵ−, (B.52)
Λˆ2,4+ =
1
2 [(T
+Û−) + (T̂−U+)]− 16∂2Û−, (B.53)
Λˆ2
′,4
+ =
1
2 [(∂T
+Û−) + (∂T̂−U+)]− 13∂Λˆ2,4+ − 145∂3Û−, (B.54)
Λˆ2,2,4+ =
1
3 [(T
+T̂−Û−) + (T̂−T+Û−) + (T̂−T̂−U+)] + 17∂Λˆ
2′,4
− − 539∂2Λˆ2,4− , (B.55)
Λˆ2
′′,4
+ =
1
2 [(∂
2T+Û−) + (∂2T̂−U+)]− 57∂Λˆ2
′,4
+ − 539∂2Λˆ2,4+ − 1198∂4Û−, (B.56)
Λˆ2,5+ =
1
2 [(T
+V̂ −) + (T̂−V +)]− 322∂2V̂ −, (B.57)
Λˆ2
′,5
+ =
1
2 [(∂T
+V̂ −) + (∂T̂−V +)]− 27∂Λˆ2,5+ − 166∂3V̂ −, (B.58)
and
Λˆ2,3− = (T̂−Ŵ−), Λˆ
2′,3
− = (∂T̂−Ŵ−)− 25∂Λˆ2,3− ,
Λˆ2,2,3− = (T̂−T̂−Ŵ−), Λˆ
2′′,3
− = (∂2T̂−Ŵ−)− 56∂Λˆ2
′,3
− − 211∂2Λˆ2,3− ,
Λˆ2
′,2,3
− = (∂T̂−T̂−Ŵ−)− 27∂Λˆ2,2,3− , Λˆ2
′′′,3
− = (∂3T̂−Ŵ−)− 97∂Λˆ2
′′,3
− − 1526∂2Λˆ2
′,3
− − 111∂3Λˆ2,3− ,
Λˆ2,4− = (T̂−Û−), Λˆ
2′,4
− = (∂T̂−Û−)− 13∂Λˆ2,4− ,
Λˆ2,2,4− = (T̂−T̂−Û−), Λˆ
2′′,4
− = (∂2T̂−Û−)− 57∂Λˆ2
′,4
− − 539∂2Λˆ2,4− ,
Λˆ2,5− = (T̂−V̂ −), Λˆ
2′,5
− = (∂T̂−V̂ −)− 27∂Λˆ2,5− ,
(B.59)
38
follow from (6.20)-(6.33); while
Λˆ3,3+ = (W
+Ŵ−)− 89∂2Λˆ2,2− − 8
√
5
9
√
21
∂2Û− − 184∂4T̂−, (B.60)
Λˆ2,3,3+ =
1
3 [(T
+Ŵ−Ŵ−) + (T̂−W+Ŵ−) + (T̂−Ŵ−T+)] + 16
√
5
21
√
21
∂Λˆ2
′,4
− − 32
√
5
117
√
21
∂2Λˆ2,4− − 113∂2Λˆ3,3−
− 32117∂2Λˆ2,2,2− − 178∂2Λˆ2
′′,2
− − 11188∂4Λˆ2,2− , (B.61)
Λˆ3
′′,3
+ =
1
2 [(∂
2W+Ŵ−) + (∂2Ŵ−W+)]− 726∂2Λˆ3,3+ − 28495∂4Λˆ2,2− − 4
√
7
99
√
15
∂4Û− − 12160∂6T̂−, (B.62)
Λˆ3,4+ =
1
2 [(W
+Û−) + (Ŵ−U+)]− 2
√
5√
21
∂Λˆ2
′,3
− − 416
√
3
77
√
35
∂2Λˆ2,3− − 5
√
15
77 ∂
2V̂ − −
√
5
126
√
21
∂4Ŵ−, (B.63)
Λˆ3
′,4
+ =
1
2 [(∂W
+Û−) + (∂Ŵ−U+)]− 37∂Λˆ3,4+ − 2
√
15
13
√
7
∂2Λˆ2
′,3
− − 20877√105∂
3Λˆ2,3− − 5
√
5
154
√
3
∂3V̂ −
− 1
210
√
105
∂5Ŵ−, (B.64)
Λˆ3,5+ =
1
2 [(W
+V̂ −) + (Ŵ−V +)]− 16
√
15
49 ∂Λˆ
2′,4
− − 2013√7∂
2Λˆ3,3− − 80
√
5
91
√
3
∂2Λˆ2,4− −
√
5
924
√
3
∂4Û−, (B.65)
Λˆ4,4+ = (U
+Û−)− 21665 ∂2Λˆ2,2,2− − 571040∂2Λˆ2
′′,2
− − 315104∂2Λˆ3,3− − 7
√
21
13
√
5
∂2Λˆ2,4− − 491320∂4Λˆ2,2−
−
√
7
176
√
15
∂4Û− − 14320∂6T̂−, (B.66)
and
Λˆ3,3− = (Ŵ−Ŵ−), Λˆ
2,3,3
− = (T̂−Ŵ−Ŵ−), Λˆ
3′′,3
− = (∂2Ŵ−Ŵ−)− 726∂2Λˆ3,3− ,
Λˆ3,4− = (Ŵ−Û−), Λˆ
3′,4
− = (∂Ŵ−Û−)− 37∂Λˆ3,4− , Λˆ3,5− = (Ŵ−V̂ −),
Λˆ4,4− = (Û−Û−).
(B.67)
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